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Abstract

Integer-valued autoregressive (INAR) models describe time series of counts, such as
disease incidence and mortality data. Health-related count series exhibit time-varying
means and variances that cannot be easily removed by transformations. In this arti-
cle, the conditional maximum likelihood (CML) method is introduced to estimate the
parameters of INAR processes with explanatory variables (INARX) in the Poisson inno-
vation process, capturing trends, seasonality, or covariate effects in non-stationary series.
A simulation study compares CML with weighted conditional least squares (WCLS) in
terms of bias, root mean square error, and computational cost. A bootstrap-based bias
correction is proposed to address estimator bias caused by the correlation between in-
novation and autocorrelation terms. Furthermore, diagnostic analysis is enhanced by
introducing two new residuals that account for covariates, heteroscedasticity, and auto-
correlation, alongside three bootstrap methods for parameter confidence intervals and
multivariate evaluation. We recommend the faster WCLS method combined with ran-
domized residual bootstrap for bias correction and inference. These methods are applied
to model weekly respiratory hospitalizations among the elderly in São Paulo (2011–2017)
using a Poisson INARX(4) model that effectively captures the serial correlation and key
features of the data.

Keywords: Count time series · INAR · Covariates · Trends · Seasonality

Mathematics Subject Classification: Primary 62M10 · Secondary 62F40

1. Introduction

In recent years, the interest in developing models for integer-valued time series has in-
creased and different approaches were motivated by regression models. Although general-
ized linear models (GLM) [1] are widely used as a tool to explain the mean of a response
variable as a function of explanatory variables, they are not appropriate to model count
time series because a key assumption made by these models is the independence of obser-
vations. However, autocorrelation is usually present in time series and may have a strong
impact on parameter estimators and their variance. Several models have been proposed
to make statistical inference for integer-valued time series, designed for different types of
marginal distribution and autocorrelation structure.
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A popular approach is to adapt the GLM methodology by choosing a suitable distribu-
tion for count data, selecting an appropriate link function, and modeling the observations
conditionally on past information of the process and/or any other auxiliary information.
An overview of the main approaches can be found in [2, 3]. Some discussed models are the
integer-valued GARCH model (INGARCH), where each conditional observation given the
past is Poisson distributed [4], the generalized autoregressive moving average (GARMA)
model proposed in [5], which was developed to extend the GLM incorporating autoregres-
sive (AR) and moving average (MA) terms as presented in the ARMA models [6], and the
generalized linear autoregressive moving average (GLARMA) model described in [7, 8],
which are nonlinear state space models with a state process dependent on covariates and
past observations. The observations, conditional on the state process, are independent and
follow an exponential family distribution. Other extensions of the time-series modeling
framework can be found in [9, 10, 11, 12, 13, 14, 15, 16, 17].

An important class of models for time series of counts is the class of integer autoregressive
(INAR) models, which are based on a thinning operator and a discrete innovation process,
which usually is specified as a Poisson process. This class of models was independently
proposed in [18, 19]. The thinning operator makes the present response depend on the
previous count. The innovation process is defined as a sequence of independent, identically
distributed (IID) non-negative integer-valued random variables with constant mean and
variance. The correlation structure and stationary conditions of INAR models are similar
to those of the continuous-valued AR process, making INAR models more attractive and
convenient for modeling count time series. Recently, in [20], two extensions of the first-order
INAR process with Poisson innovations were presented for modeling stationary count time
series with equidispersion, underdispersion, and overdispersion. Other proposals based on
INAR models can be found in [21, 22, 23, 24].

In practice, many count time series present trend and seasonality that cannot be easily
removed by transformations since any transformation would need to preserve the integer
nature of the data. Also, the objective may be the estimation of trend, seasonality, and
covariate effects. To extend the applicability of INAR models, several authors have included
explanatory variables in these models. In [25], explanatory variables were included in an
INAR(1) model, where one first set of covariates affects the parameter in the thinning
operator and another set affects the mean of the innovation process. The unknown model
parameters were estimated using the weighted and unweighted conditional least squares
(CLS) methods and the conditional generalized method of moments (GMM). In simulation
studies, the CLS estimators outperformed the GMM estimators in short time series [25].
In [26], the same set of explanatory variables was included to explain the parameters in
the thinning operator and in the mean of the innovation process of an INAR(p) model.
The methodology was illustrated by analyzing two real count time series and introducing
a reversible jump MCMC algorithm to choose the order of the INAR model. In [27],
explanatory variables were incorporated only into the parameter of the thinning operator
of an INAR(1) model, the parameters were estimated by the empirical maximum likelihood
(ML) method, and the asymptotic properties of the estimators were established. Simulation
studies and an empirical application were used to evaluate and illustrate their approach.

In this article, we introduce the conditional maximum likelihood (CML) method for
estimating the INAR(p) parameters in the Poisson innovation process —INARX(p)— to
model non-stationary count processes. We compare the CML and the weighted conditional
least squares (WCLS) methods through a simulation study in terms of bias and the root
of the mean square error (RMSE). The WCLS method was evaluated before only for the
INARX(1) model presented in [25]. The processing time for both estimation methods is
also discussed. A strategy to choose the initial values is presented since the estimates are
too dependent on the initial values used in the parameter estimation algorithm.
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Another relevant contribution of this article is the proposal of the uncorrelated standard-
ized and randomized residuals, which consider the inclusion of covariates, heteroscedastic-
ity, and autocorrelation of the INARX(p) process. We present a complete residual analysis
and different bootstrap methods based on the proposed and usual standardized condi-
tional residuals, allowing the assessment of the multivariate distribution of all estimators,
including the correlation between the estimators of the innovation process and the thinning
parameters.

Note that, recently, in [28], a regenerative bootstrap method was developed to construct
confidence intervals for the parameters of an INAR(p) process with innovations following
a zero-inflated distribution without covariates. Another bootstrap scheme was discussed
in [29], where a general INAR-type bootstrap procedure is proposed to discuss parametric
and semi-parametric implementations of the INAR bootstrap scheme without covariates.
In addition, a bias correction for the estimators of stationary INAR processes with and
without parametrically specifying the distribution of the innovation was proposed in [30]. In
general, the bias correction proposal works well in simulations. However, when the Poisson
innovation assumptions are violated, the parametric INAR bootstrap and the asymptotic
bias correction performed worse. A further contribution of this article is the proposal of a
bootstrap-based bias correction method for INARX(p) models, to deal with the correlation
between the Poisson innovation term and the autocorrelation terms, as identified during
the simulation studies.

The present article unfolds as follows. In Section 2, we introduce the model, the esti-
mation of its parameters, and three bootstrap procedures based on different residuals. In
Section 3, we present the simulation studies and propose the bias-corrected estimators
based on the bias identified in the simulations. Section 4 provides an empirical applica-
tion using the time series of the weekly number of hospitalizations of elderly people in
São Paulo city (Brazil) from 2011 to 2017. In Section 5, we discuss some aspects of the
estimation methods and summarize the main conclusions.

2. INAR model

2.1 The model

Consider a non-negative integer-valued random variable X and {εt, t ∈ N} a sequence
of uncorrelated non-negative integer-valued random variables with finite variance. An
INAR(p) process is defined by

Xt =

p∑
i=1

αi ◦Xt−i + εt, (1)

where {εt} is assumed to be independent of all thinning operations αi◦Xt−i, for i = 1, . . . , p,
which are in turn conditionally independent. The binomial thinning operator “◦” is the
main concept of INAR processes and defined by α ◦X =

∑X
i=1 Yi ∼ Binomial(X,α), that

is, Binomial(X,α) denotes a binomial distribution with X trials and success probability
α ∈ [0, 1) and Yi are IID Bernoulli random variables, independent of X, that are equal to
zero or one with probability 1− α and α, respectively.

We assume that, as usual in the literature, {εt} is a sequence of independent Pois-
son distributed random variables with parameter λ and independent of previous counts
X1, . . . , Xt−1. In this case, the mean of the Xt process is equal to λ/(1 −

∑p
i=1 αi), and

the variance is equal to the mean only when p = 1.
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The autocorrelation at lag k for an INAR(1) process is αk1 , which is restricted to be pos-
itive (more details can be found in [18]). The correlation structure of the INAR(p) process
is identical to the corresponding AR(p) structure under stationarity and the stationarity
of the process given in (1) is valid if

∑p
i=1 αi<1 [31]. The parameters α1, . . . , αp are called

thinning or AR parameters because they are present in the thinning operator and dictate
the AR correlation structure.

The main methods used to estimate the unknown parameters of the stationary INAR(p)
process are the CLS, the method of moments (MM), and the ML. In the CLS, no specific
distributional assumption is required [32]. In the MM, the parameter estimation is based on
the sample autocorrelations using, for example, Yule–Walker equations [33]. In the ML, the
estimates are usually obtained from an iterative algorithm in which the initial values are
usually obtained using the MM estimators [34]. In [35], details of these three estimation
methods were provided. The ML method is more difficult to implement as the order p
increases. When the innovation terms εt defined in (1) follow a Poisson distribution, with
constant mean, the CLS and ML estimators were evaluated in [18, 31, 36]. The authors
concluded that the ML estimator is more efficient in terms of both the bias and mean
square error.

To make INAR models more attractive for real applications, [25, 27] included explanatory
variables in an INAR(1) model. In the first article, covariates are included to model the
AR parameter or the mean of the innovation process. Differently, in the second article, the
authors proposed the inclusion of explanatory variables only to model the AR parameter.
All model parameters were estimated by the weighted and unweighted CLS and conditional
GMM in [25] and by the empirical ML method in [27]. In [26], the same set of explanatory
variables was included to model both the AR parameters and the mean of the innovation
process of an INAR(p) model, and a reversible jump MCMC algorithm was introduced to
choose the order of the INAR model and the inclusion/exclusion of covariates. Note that
it is difficult to employ reversible jump MCMC to compare different classes of models [37].

In our article, explanatory variables are included in the INAR(p) model only in the
innovation process {εt} defined in (1), which follows a Poisson distribution with parameter
λt changing over time, to take into account, for example, the effects of seasonal variations
and overall trends. As λt must be non-negative, we assume that

λt = exp
(
w>t β

)
, (2)

where wt is a vector of known explanatory variables and β is the corresponding vector
of unknown parameters. Then, a Po-INAR(p) model with explanatory variables incorpo-
rated in the mean of the innovation term, which follows a Poisson distribution, is given
by expressions (1) and (2) and denoted henceforth as Po-INARX(p). In this case, the
unconditional mean of Xt is given by

E(Xt) =

p∑
j=1

αj E(Xt−j) + λt. (3)

Note that the marginal mean is decomposed into two parts: the effects of the previous
means and the time-varying error mean. When p = 1, the unconditional mean and variance
of Xt are given, respectively, by E(Xt) = αE(Xt−1) + λt and Var(Xt) = α2 Var(Xt−1) +
α(1− α)E(Xt−1) + λt.
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Making successive substitutions, the mean of Xt can be written as

E(Xt) = αtE(X0) +

t−1∑
u=0

αuλt−u.

When p = 1 and {εt} follows a Poisson distribution, the marginal distribution of Xt

is also Poisson provided that the initial specifications of E(X0) and Var(X0) are equal.
When p > 1, the unconditional mean and variance of Xt are generally not equal [25]. The
conditional moments of Xt are stated as

E(Xt | Xt−1, . . . , Xt−p) =

p∑
j=1

αjXt−j + λt,

Var(Xt | Xt−1, . . . , Xt−p) =

p∑
j=1

αj(1− αj)Xt−j + λt. (4)

2.2 Estimation

Next, the weighted and unweighted CLS methods, which were implemented in [25] to
estimate the parameters of an INAR(1) model with explanatory variables, and the CML
method are generalized to estimate the parameters of the Po-INARX(p) model with time-
varying λt in (2). In all methods, the initial values of the AR parameters (αs) are based
on the partial autocorrelation function (PACF) of the standardized residuals calculated
after fitting a Poisson GLM model with the same set of covariates and the logarithm as
link function.

The CLS estimator of the parameter vector of the Po-INAR(p) model θ =
(
β>,α

)>
is

obtained by minimizing the function S(θ) formulated as

S(θ) =

T∑
t=p+1

e2
t , (5)

where et is defined as the difference between Xt and the conditional expectation, E(Xt |
Xt−1, . . . , Xt−p), defined in (4), which is the best one-step-ahead conditional predictor of
Xt in the sense of minimizing the mean squared prediction error. Considering the Gauss–
Newton algorithm to minimize S(θ), an iterative algorithm gives the new estimate θk+1

according to

θk+1 = θk−

 T∑
t=p+1

∂et
∂θ

∂et
∂θ′

−1  T∑
t=p+1

∂et
∂θ

et

∣∣k ,
where the gradient and the approximation to the Hessian matrix are evaluated at the
previous estimate θk.

Note that the Po-INARX(p) process defined by (1) and (2) is a heteroskedastic pro-
cess. Therefore, a more efficient CLS estimator that minimizes the squared standardized
conditional errors is the WCLS.
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Then, the WCLS estimator minimizes the expression presented as

S(θ) =

T∑
t=p+1

e2
t

Var(et | Xt−1, . . . , Xt−p)
, (6)

where Var(et | Xt−1, . . . , Xt−p) =
∑p

i=1 αi(1 − αi)Xt−i + λt. The CLS estimate obtained
by minimizing (5) can be used as the initial parameter vector to minimize the WCLS

objective function stated in (6). An estimator of the asymptotic covariance matrix of θ̂ is
given by

Cov(θ̂) =

 T∑
t=p+1

ct
∂et
∂θ

∂et
∂θ′

−1

,

where ct = 1/E(e2
t | Xt−1, . . . , Xt−p) and the gradient vector is

∑T
t=p+1 ct et ∂et/∂θ. Note

that E(e2
t | Xt−1, . . . , Xt−p)) =

∑p
i=1 αi(1 − αi)Xt−i + λt. The asymptotic Gaussian dis-

tribution of the CLS and WCLS estimators is discussed in [38] and presented in the next
theorem.

Theorem 1. Let the parameter space Θ be a subset of Rd and θ denote a generic
d × 1 vector contained in Θ. Let Xt be a sequence of random variables, wt ∈ Rk

a vector sequence, and E(Xt | rt) = mt(rt;θ0) the conditional expectation, where
rt = (wt, Xt−1,wt−1, . . . , X1,w1). Thus, letting ht = (Xt,wt, Xt−1, . . . , X1,w1), the non-
linear least squares estimation of θ0 such that E(Xt | rt) = mt(rt,θ0) takes qt(ht,θ) =
(Xt − mt(rt,θ))2. Then, under several assumptions stated in [38] and allowing for an
estimator γ̂T , such that plim γ̂T = γ∗ for some γ∗ ∈ Γ ⊂ RR, the following results hold:

(i) A random vector θ̂T exists that solves minθ∈Θ

{∑T
t=1 qt(ht,θ; γ̂T )

}
and θ̂T

P−→ θ0,

where
P−→ denotes convergence in probability to.

(ii)
√
T (θ̂T − θ0)

D−→ N(0,A−1
0 ), where

D−→ denotes convergence in distribution to and

A0 = limT→∞ T
−1
∑T

t=1E(Ht(θ0;γ∗)).

The asymptotic variance of θ̂T can be estimated as Â−1
T /T , where ÂT is the consistent

estimator of the expected Hessian. The proof can be found in [38, p. 2655]. The covariance
A−1

0 corresponds to the WCLS estimator, whose weights are the conditional variance.
For the unweighted CLS estimator, the asymptotic covariance takes the sandwich form
A−1

0 B0A
−1
0 , with B0 the asymptotic variance of the gradient.

The CML estimator of the unknown parameter vector θ =
(
β>,α

)>
is obtained by

maximizing the conditional log-likelihood function given by

l(θ) =

T∑
t=p+1

log(P (Xt | Xt−1, . . . , Xt−p)), (7)

where the conditional probabilities P (Xt = xt | Xt−1 = xt−1, . . . , Xt−p = xt−p) can be
written as the (p + 1)-fold convolution [34]. When the innovation term εt stated in (1) is
assumed to be Poisson, the conditional probability is expressed as

P (Xt = xt | Xt−1 = xt−1, . . . , Xt−p = xt−p)
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=

min{xt−1,xt}∑
i1=0

B(i1, xt−1, α1)

min{xt−2,xt−i1}∑
i2=0

B(i2, xt−2, α2) · · ·

×
min{xt−p,xt−i∗}∑

ip=0

B(ip, xt−p, αp)
exp(−λt)λxt−i∗−ip

t

(xt − i∗−ip)!
,

where B(i, x, α) =
(
x
i

)
αi(1 − α)x−i, i∗ = i1 + · · · + ip−1, and x ∈ N, for i = 0, 1, . . . , x.

The CML method involves a convolution and can be difficult to implement as the order p
increases [39] and for high values of observed counts due to each conditional probability
term in (7), taking a long time for its computation and optimization. For p = 1, the
conditional probability can be written as

P (Xt = xt | Xt−1 = xt−1) =

min{xt−1,xt}∑
i1=0

(
xt−1

i1

)
αi11 (1− α1)xt−1−i1 exp(−λt)λxt−i1

t

(xt − i1)!
.

2.3 Residuals and bootstrap procedures

Next, we introduce three bootstrap methods to build confidence intervals for the param-
eters of the Po-INARX(p) models defined in (1) and (2). These bootstrap methods are
based on three standardized residuals, which consider the structure of count time series
with time-varying effects. The first residual proposed in this article is based on the fact
that the autocorrelation structure of INAR models is similar to that of the AR process.
The second residual depends on the binomial thinning operation and in this article it is
generalized when the mean of the innovation process, defined in (2), changes over time.
The third residual is based on the conditional moments of the process.

After computing the standardized residuals, a careful diagnostic analysis must evaluate
the homoscedasticity and absence of autocorrelation of the standardized residuals. Only
if the standardized residuals series behaves as a white noise process, the bootstrap can be
implemented.

Method 1. The first bootstrap algorithm is based on the standardized residuals obtained
after removing the time-varying effects, such as trend and/or seasonality, and then ex-
tracting the autocorrelation effects. Let Xt be a count time series. Our proposed algorithm
consists of the following steps:

(i) Fit a Po-INARX(p) model defined by expressions stated in (1) and (2) to the data

using the WCLS or CML method. Based on the estimates α̂ and β̂, calculate the
estimated unconditional mean of Xt, µ̂t, replacing the parameters defined in (3)
by their corresponding estimates.

(ii) Compute the standardized residuals υt = (Xt−µ̂t)/
√
µ̂t to remove the time-varying

effects on the data.
(iii) Remove the serial correlation of υt considering an autocorrelation structure of an

AR(p) process, which consists of calculating the uncorrelated rt,1 residuals estab-
lished as

rt,1 = υt −
p∑
i=1

α̂iυt−i, (8)

where α̂i, for i = 1, . . . , p, are the estimated thinning parameters of the Po-
INARX(p) model fitted in step i. Only after this step, the residuals are supposed
to be permutable.
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(iv) Generate bootstrap samples υ+
1 , . . . , υ

+
n according to υ+

t =
∑p

i=1 α̂iυ
+
t−i+r

+
t,1, where

r+
t,1 are randomly and uniformly drawn with replacement from the residuals rt,1

and the process is initialized assuming r+
0,1 = 0. Then, generate the bootstrap

observations by means of X+
t = µ̂t + υ+

t

√
µ̂t.

Method 2. The second proposal is a bootstrap algorithm based on the residuals discussed
in [40] for Po-INAR(p) models, where the innovation term follows a Poisson distribution
with constant mean. Here, these residuals are adapted to consider the time-varying pa-
rameter (λt) defined in (2). The steps of the algorithm are as follows:

(i) Fit a Po-INARX(p) model defined by expressions stated as (1) and (2) to the data
using the WCLS or CML method.

(ii) Compute the randomized residuals

rt,2 = Xt −
p∑
i=1

α̂i ◦Xt−i − λ̂t, (9)

where α̂i, for i = 1, . . . , p, are the estimated thinning parameters of the Po-
INARX(p) model fitted in the previous step and λ̂t is calculated as in (2) based on

the estimates β̂. Note that the residuals rt,2 depend on the thinning operator that
involves the sum of Bernoulli distributed random variables.

(iii) Generate the bootstrap observations according to

X̂+
t =

p∑
i=1

α̂i ◦X+
t−i + [λ̂t + r+

t,2],

where r+
t,2 are randomly and uniformly drawn from the residuals rt,2 in (9). The

function [x] denotes a rounding operator to ensure that x is an integer value.

Method 3. The third proposed bootstrap algorithm is based on the usual standardized
conditional residuals computed using the conditional moments of Xt defined in (4).

(i) Fit a Po-INARX(p) model defined by expressions (1) and (2) to the data using the
WCLS or CML method.

(ii) Based on the estimates α̂ and β̂ and using the conditional moments given in (4),
calculate the standardized conditional residuals

rt,3 =
Xt − Ê(Xt | Xt−1, . . . , Xt−p)√

V̂ar(Xt | Xt−1, . . . , Xt−p)
. (10)

(iii) Generate the bootstrap observations according to

X+
t =

p∑
j=1

α̂jX
+
t−j + λ̂t + r+

t,3

√√√√ p∑
j=1

α̂j(1− α̂j)X+
t−j + λ̂t,

where r+
t,3 are randomly and uniformly drawn from the standardized conditional

residuals rt,3 defined in (10), α̂i, for i = 1, . . . , p, are the estimated thinning pa-

rameters of the Po-INARX(p) model fitted in the first step, and λ̂t is calculated as
in (2).
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For all three methods, the generated bootstrap observations X+
t are rounded to the

nearest integer, with negative values replaced by zero.

3. Simulation study

3.1 Simulation scenarios

Next, we perform two simulation studies. The first one is developed to compare the per-
formance of the WCLS and CML methods to estimate the parameters of Po-INARX(p)
models and the second simulation study to evaluate the efficiency of the three bootstrap
methods detailed in the previous sections using the WCLS method and B = 100 bootstrap
replications. Count time series are simulated following a Po-INARX(p) process with length
n = 250 and n = 500 according to two scenarios.

Scenario 1. Po-INARX(1) process with the mean of the innovation term εt given by
ln(λt) = β0 +β1 sin(2πt/52.25), where the true values of the parameters are β0 = ln(15) ≈
2.7081, β1 = 0.20 and α1 = 0.294.

Scenario 2. Po-INARX(4) process with the mean of the innovation term εt given by
ln(λt) = β0 + β1t + β2 cos(2πt/52.25), where the true values of the parameters are β0 =
ln(15) ≈ 2.7081, β1 = 0.001, β2 = −0.151, α1 = 0.294, α2 = α3 = 0 and α4 = 0.111.

The performance of the WCLS and CML methods is evaluated using the RMSE for each
parameter θ given by

RMSE(θ) =

√√√√ 1

R

R∑
i=1

(θ̂i − θ0)2,

where θ0 is the true value of θ, θ̂i is its i-th estimate, and R is the number of Monte Carlo
replications. The bias and RMSE are used to evaluate the bootstrap methods.

3.2 Simulation results

Table 1 and Table 2 present the results of the first simulation study for both scenarios.
Note that the WCLS and CML methods present similar good performances. Nevertheless,
both methods underestimate the α parameters and overestimate the intercept (β0). The
outputs indicate that, for both scenarios, the RMSE/|θ0| decrease when the sample size
increases. This pattern indicates improved finite-sample performance of the CML and
WCLS methods as the sample size increases. The RMSE/|θ0| are higher for the estimates
of the autocorrelation parameters (αs) and lower for the intercept (β0). The estimates are
closer to the real values mainly when n = 500. The CML and WCLS estimators seem to
follow a Gaussian distribution; see Figure 1.

Table 1. Estimates and RMSE/|θ0| estimates for the first scenario.

CML WCLS

True values n = 250 n = 500 n = 250 n = 500

β̂0 2.7081 2.7108 (0.0303) 2.7104 (0.0210) 2.7193 (0.0320) 2.7144 (0.0223)

β̂1 0.200 0.1993 (0.1280) 0.1990 (0.0962) 0.1992 (0.1284) 0.1989 (0.0963)

α̂1 0.294 0.2900 (0.1918) 0.2914 (0.1333) 0.2837 (0.2066) 0.2885 (0.1426)
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Table 2. Estimates and RMSE/|θ0| estimates for the second scenario.

CML WCLS

True values n = 250 n = 500 n = 250 n = 500

β̂0 2.7081 2.7397 (0.0469) 2.7254 (0.0335) 2.7559 (0.0493) 2.7340 (0.0350)
β̂1 0.001 0.0010 (0.2497) 0.0010 (0.0867) 0.0010 (0.2504) 0.0010 (0.0867)
β̂2 −0.151 −0.1501 (0.1748) −0.1503 (0.1188) −0.1500 (0.1742) −0.1502 (0.1187)
α̂1 0.294 0.2868 (0.1954) 0.2897 (0.1396) 0.2776 (0.2063) 0.2846 (0.1493)
α̂4 0.111 0.0945 (0.5237) 0.1025 (0.3801) 0.0934 (0.5189) 0.1022 (0.3671)

Figure 1. Theoretical quantile versus empirical quantile (Q-Q) plot for Scenario 1 and n = 500.

To analyze the possible relationship between the estimates of β̂s (intercept and param-
eters of the explanatory variables) and αs (AR parameters), scatter plots of bootstrap

estimates β̂i and α̂j for i = 0, 1, 2 and j = 1, 4 were plotted for both scenarios; see Fig-
ures 2 and 3. These plots indicate that there is a relevant negative correlation between
β̂0 and α̂1 for both scenarios and between β̂0 and α̂4 for the second scenario. Note that
a larger value of β0 is associated with a smaller value of the corresponding AR parame-
ter, maintaining the same value of the marginal mean E(Xt) defined in (3). For the first
scenario, which describes a Po-INARX(1) model, we have β0 = ln(15), α1 = 0.294, and
E(Xt) = α1E(Xt−1) + exp(β0), when t = k × 52.25, k = 0, 1, . . . . Then, E(Xt) oscillates
around exp(β0)/(1− α1) = 15/(1− 0.294) = 21.2. For example, the estimates β0 = 2.545
and α1 = 0.4, shown in Figure 2, yield the same expected value as the true parameter
values.

Figure 2. Correlation between α̂1 and β̂0, β̂1 using the CML method for Scenario 1.
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Figure 3. Correlation between α̂1, α̂4 and β̂0, β̂1, β̂2 using the CML method for Scenario 2.

Tables 3 and 4 present the results of the three bootstrap methods for the first and
second scenario using the WCLS method. Note that for both scenarios the bias and the
RMSE decrease when the sample size increases, indicating the consistency of the WCLS
method to estimate the parameters of the Po-INARX(p) models. We analyzed the true
coverage probability (CP) of 95% confidence intervals. To compute a bootstrap confidence
interval for an estimator the (1 − α/2) and α/2 quantiles were used from the bootstrap
estimates. In general, for both scenarios the three bootstrap methods produce reliable
confidence intervals, the CPs increase with increasing sample size reaching values close to
the nominal level 0.95.

For the second scenario, the CP values generally approach the nominal 95% level for
n = 500, whereas lower coverage is observed for some parameters when n = 250. This
pattern is consistent with the possibility that the correlation between α̂1 and β̂0, β̂1 has
a greater impact on the confidence intervals for smaller sample sizes. Among the three
approaches, Method 2 generally provides the best coverage probabilities, although this im-
provement is not always accompanied by the smallest RMSE. As the sample size increases,
the differences in coverage among the methods become less pronounced. Therefore, when
the CML estimation method was implemented to estimate the parameters of the second
scenario, with n = 500, the program took 58.888 seconds to converge while the WCLS
method converged in 0.044 seconds.

Table 3. Bias, RMSE and CP for the bootstrap methods for Scenario 1.

Method 1 Method 2 Method 3

n Bias RMSE CP (%) Bias RMSE CP (%) Bias RMSE CP (%)

β0 0.0248 0.0927 91.4 0.0253 0.0931 91.6 0.0246 0.0931 91.3

250 β1 −0.0008 0.0272 92.2 −0.0010 0.0274 96.1 −0.0010 0.0272 91.4

α1 −0.0228 0.0672 91.3 −0.0235 0.0673 91.6 −0.0228 0.0674 90.8

β0 0.0137 0.0611 93.9 0.0137 0.0611 94.2 0.0131 0.0610 92.9

500 β1 −0.0011 0.0192 92.6 −0.0012 0.0198 96.4 −0.0011 0.0193 92.9

α1 −0.0121 0.0432 92.9 −0.0122 0.0433 93.0 −0.0118 0.0431 92.8
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Table 4. Bias, RMSE and CP for the bootstrap methods for Scenario 2.

Method 1 Method 2 Method 3

n Bias RMSE CP (%) Bias RMSE CP (%) Bias RMSE CP (%)

β0 0.0910 0.1538 86.1 0.0837 0.1435 89.8 0.0911 0.1536 85.9

β1 0.0001 0.0002 91.3 0.0001 0.0003 95.9 0.0001 0.0002 91.5

250 β2 −0.0016 0.0270 91.3 −0.0018 0.0270 97.3 −0.0018 0.0272 91.0

α1 −0.0400 0.0708 87.8 −0.0407 0.0702 88.6 −0.0402 0.0707 88.6

α4 −0.0289 0.0664 88.8 −0.0222 0.0574 94.6 −0.0285 0.0663 87.8

β0 0.0494 0.1046 87.8 0.0508 0.1051 89.4 0.0501 0.1048 87.6

β1 0.0001 0.0001 92.2 0.0001 0.0001 98.3 0.0001 0.0001 92.4

500 β2 0.0001 0.0180 91.5 0.0004 0.0181 97.1 0.0001 0.0179 91.0

α1 −0.0197 0.0466 91.0 −0.0205 0.0469 90.8 −0.0201 0.0466 90.7

α4 −0.0153 0.0451 90.3 −0.0152 0.0435 92.5 −0.0154 0.0450 90.0

3.3 Bootstrap-based bias correction

Next, we propose to compute the bias correction, based on [30], for the estimators of
the Poisson innovation parameters and the autocorrelation parameters of a Po-INARX(p)
process. In both simulation scenarios, high bias values were observed using both CML and
WCLS methods (see the RMSE/θ0 values in Tables 1 and 2) mainly for series with length

n = 250. Let θ̂ be the vector of the estimates fitting the Po-INARX(p) model computed
according to the WCLS or CML estimators.

Firstly, the estimates for each bootstrap sample are centered calculating

θ̂cen = θ̂∗ −median(θ̂∗),

where θ̂∗ is the vector of estimates calculated for each bootstrap sample. Therefore, the
corrected estimate for θ̂ is given by

θ̂corr = θ̂ −mean(θ̂cen).

In Tables 5 and 6 the bias (θ̂ − θ0) and bias correction (θ̂corr − θ0) are presented for the
estimates of the Po-INARX(p) for both scenarios using the WCLS estimator, where θ0 is
the true value of the parameter vector. In general, Method 2 presents a better performance,
it manages to reduce the bias of the intercept and AR parameters.

Table 5. Bias and bias correction for the bootstrap methods for Scenario 1.

Bias Bias correction

n WCLS Method 1 Method 2 Method 3

β0 0.0113 0.0086 0.0031 0.0068

250 β1 −0.0008 −0.0024 −0.0038 −0.0024

α1 −0.0103 −0.0040 −0.0061 −0.0021

β0 0.0064 0.0036 0.0035 0.0044

500 β1 −0.0011 −0.0033 −0.0023 −0.0031

α1 −0.0055 −0.0058 −0.0051 −0.0052



100 Albarracin and Alencar

Table 6. Bias and bias correction for the bootstrap methods for Scenario 2.

Bias Bias correction

n WCLS Method 1 Method 2 Method 3

β0 0.0479 0.0489 0.0377 0.0506

β1 0.0000 0.0000 0.0000 0.0000

250 β2 0.0011 0.0005 0.0001 0.0003

α1 −0.0164 −0.0159 −0.0169 −0.0157

α4 −0.0176 −0.0154 −0.0092 −0.0158

β0 0.0260 0.0326 0.0116 0.0330

β1 0.0000 0.0000 0.0000 0.0000

500 β2 0.0008 −0.0002 0.0006 −0.0005

α1 −0.0094 −0.0132 −0.0035 −0.0118

α4 −0.0088 −0.0082 −0.0086 −0.0091

4. Application with real data

4.1 Context

Next, the weekly number of hospital admissions due to pneumonia and influenza from
January 2011 to December 2017 of people aged over 65 years in São Paulo (Brazil) is
analyzed. We used a Po-INARX model where the mean of the innovation term may change
over time. In Figure 4, it can be seen that the number of hospitalizations is increasing over
time and it is especially higher in 2016. Also, the time series presents a seasonal pattern
with higher counts in the middle of the year, which corresponds to the winter in São Paulo.
A linear trend, sine and cosine functions, and a shift in 2016 are included in the model
as explanatory variables in order to model deterministic trends and seasonality present in
the data. Thus, in this study, the mean of the innovation term stated in (2) is given by

ln(λt) = β0 +β1 cos(wt;1)+β2 sin(wt;1)+β3 cos(wt;2)+β4 sin(wt;2)+β5t+β61t(2016), (11)

where the week t = 1, . . . , 366, the frequencies are wt;1 = 2πt/52.25, wt;2 = 2πt/187.5, and
1t is the indicator function if observation t-th occurs in 2016, for t ∈ {261, . . . , 312}. These
frequencies were identified using the periodogram of the series [41] and they correspond to
periods of one year and almost three years and a half.

4.2 Modeling

Firstly, a GLM model was fitted to the hospitalization series with a Poisson error dis-
tribution, the logarithm as link function, and the seasonal components and linear trend
considered in the Po-INARX model formulated in (11). However, the first autocorrelations
of the deviance residuals were significant at 5% based on the Ljung–Box test [42] with a
p-value < 0.001. Thus, a Po-INARX(p) model was fitted to the data with p = 1, 2, 3, 4.
Considering p = 4, the residual autocorrelations were not significant. The hospitalizations
and the corresponding fitted values —the unconditional mean defined in (3)— using a Po-
INARX(4) model and the time-varying mean of the Poisson innovation error are shown in
Figure 4. The predicted values are higher than the innovation mean because the uncondi-
tional mean at instant t is defined as the weighted sum of weighted terms from previous
instants plus the innovation mean as stated in (3).
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Figure 4. Weekly number of hospitalizations (black line), predicted values (red line), and the mean of the innovation
process λt (blue line) using the Po-INARX(4) model and medical data from São Paulo, Brazil.

The observed series presents trend, seasonality, and an increase in 2016 that were well
captured by the estimated λt defined in (11). All estimates are presented in Table 7 with
the standard errors (SE) obtained using the three bootstrap procedures proposed in this
article and the usual asymptotic SE.

Table 7. Estimates and corresponding asymptotic and bootstrap standard errors (SE); final Po-INARX(4)
model using the WCLS method and medical data from São Paulo, Brazil.

Parameter Estimate SE (asymptotic) SE1 SE2 SE3

Intercept (β0) 4.260 0.110 0.117 0.120 0.115

cos(2πt/52.25) (β1) −0.166 0.014 0.017 0.018 0.016

sin(2πt/52.25) (β2) 0.040 0.016 0.019 0.020 0.019

cos(2πt/187.5) (β3) 0.016 0.017 0.020 0.022 0.019

sin(2πt/187.5) (β4) −0.042 0.015 0.018 0.021 0.018

t (100β5) 0.025 < 0.001 < 0.001 < 0.001 < 0.001

Year-2016 (β6) 0.117 0.034 0.041 0.044 0.041

α1 0.294 0.043 0.050 0.052 0.050

α2 0.045 0.044 0.039 0.039 0.039

α4 0.111 0.041 0.047 0.047 0.047

All the parameters are significant at 5%, except β3 and α2 (p-values > 0.05). The
estimate of α3 was too small (< 10−10) and was not included. Note that the standard
errors obtained in the bootstrap procedures were, in general, similar and a little bit larger
than those obtained by the asymptotic Gaussian distribution. The residual autocorrelation
function (ACF) and the quantile–quantile plot of the randomized residuals defined in (9)
are presented in Figure 5. It can be seen that the residuals are a white noise process, seem
to be normally distributed and are homoscedastic (p-value > 0.05, the White test). Then,
all the model assumptions seem to be valid. The residuals stated in (8) and (10) presented
similar results and were omitted for brevity.
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Figure 5. Randomized residuals defined in (9), corresponding correlogram, and Q-Q plot for the Po-INARX(4)
model with medical data from São Paulo, Brazil.

5. Conclusions

In this article, we proposed an INAR(p) model with explanatory variables included in
the mean of the Poisson innovation process to model non-stationary count time series,
estimating covariate effects and modeling trends and seasonality (Po-INARX(p)).

The WCLS and CML methods were introduced to estimate the parameters of the pro-
posed Po-INARX(p) model. Initial values for the AR parameters of the Po-INARX(p)
model were proposed based on the partial autocorrelation function of the standardized
residuals, calculated after removing the effects of the covariates using a Poisson GLM
with the same link function considered in the Po-INARX(p) model. Wrong initial values
for the AR parameters may lead to estimators with larger bias, mainly for the intercept
and AR parameters. The simulation results suggest that the CML and WCLS estimators
have decreasing RMSE and approximately Gaussian distributions as the sample size in-
creases. Both methods showed similar RMSE performance. However, in both simulation
scenarios, the AR parameters were underestimated and the intercept was overestimated,
regardless of the estimation method, but the time-varying marginal mean and the effects
of the covariates were well estimated.

A bootstrap-based bias correction was proposed to correct the bias of the estimators.
Generally, Method 2 provides the lowest bias for the intercept and, in general, for the AR
parameters. In simulation studies the bias correction proposal works well. An R routine
was developed to estimate the parameters of the Po-INARX(p) model.

It is important to point out that the CML method took a long time to converge due
to the sum of several terms, particularly for large count data. Thus, we suggest the use
of the WCLS method in high-order INARX(p) models. The bootstrap-based bias correc-
tion method yielded satisfactory results for both estimation methods. Nevertheless, it is
advisable to utilize WCLS due to the higher computational cost associated with CML.

During the implementation of the WCLS method, the convergence of the algorithm
deserves some attention since too small values for some parameters can cause problems
with the invertibility of a matrix (the implementation of the generalized inverse of the
matrix does not solve the problem because the RMSE increases with this method).
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The three bootstrap algorithms showed similar performances in both scenarios. The
bootstrap standard errors are a little higher than the asymptotic standard errors. How-
ever, in the first scenario and considering Method 2, where the residuals depend on the
thinning operator, we obtained a slightly better performance in terms of bias. The boot-
strap estimates also revealed a relevant negative correlation between the intercept (β̂0) and
the thinning estimators (α̂1, α̂4), which keeps the marginal mean unchanged and helps to
explain the CP of the confidence intervals for smaller sample sizes.

The inclusion of the same set of covariates to model the AR parameters and the mean of
the innovation process may lead to confounding effects of the explanatory covariates. The
inclusion of covariates only in the mean of the innovation process seems to be sufficient to
explain the trends and seasonality of the observed time series since the predicted values
capture the main features of the number of weekly admissions in Figure 4.

Future research building on this study could focus on other time-series models and
count-related distributions [43, 44].
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