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Abstract

Functional data arise when each observation is a curve or trajectory. Despite the progress
of classifiers based on depth, practitioners often need simple and interpretable tools
that work well when group differences are driven by envelope extremality. This article
introduces a new representation based on extremality for supervised classification: the
extremality—extremality plot, which maps each curve to two class-referenced indices that
quantify, for each class, the average proportion of time that the class curves lie below or
above the given curve. Our objectives are to (i) motivate and formalize this representa-
tion and its relationship to approaches based on depth, (ii) describe a practical training
and evaluation protocol that avoids optimistic bias, and (iii) assess performance on
controlled synthetic scenarios and on three benchmark real datasets (Berkeley growth
study, Tecator spectrometric dataset, and mitochondrial calcium overload). Methods
include linear and quadratic discriminant analysis, k-nearest neighbors, support vec-
tor machines, and random forests trained on the two-dimensional extremality features.
Across experiments, the proposed classifier attains high accuracy when classes are well
separated and remains competitive under overlap, often with stable performance across
resampling folds. These results indicate that projections based on extremality provide a
simple, interpretable, and, in practice, computationally light alternative for supervised
classification of functional data.

Keywords: epigraph - extremality - functional data - hypograph - supervised
classification
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1. INTRODUCTION

Data processing and analysis have become essential for understanding complex phenomena
across science, industry, and the public sector. As measurements are increasingly recorded
as high-frequency trajectories, it is natural to treat each observation as a function. Func-
tional data analysis (FDA) provides the statistical framework for modeling, inference, and
decision making with such curve-valued observations.
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Early formalizations of this paradigm go back to [1]. Since then, a broad methodology
has been developed to address the specific features of functional data. Classical summaries
such as the mean and the covariance have been adapted to sparse and irregular designs [2].
More advanced procedures for classification [3], clustering [4], dimension reduction and in-
ference [5], and two-sample assessment via homogeneity tests [6] have also been extended to
the functional setting. Recent contributions further illustrate the breadth of applications,
including functional geostatistics based on Andrews curves [7] and robust nonparamet-
ric regression with functional covariates [8]. Related advances in high-dimensional model
selection can improve inference in complex functional contexts [9].

This article focuses on supervised classification. Depth-based approaches have proven
effective for functional data [10], most notably the depth—depth classifier (DD) [11] and its
multiclass extension DD [12]. We adopt the same embedding idea, mapping curves to a
low-dimensional, interpretable feature space, and replace statistical depth with extremality.

Extremality for functional data [13] provides a natural top-to-bottom ordering of curves
via the hypograph and epigraph indices. These indices underpin several graphical and
inferential tools, including the outliergram [14], a functional boxplot variant based on
epigraphs and hypographs [15] (the classic functional boxplot is based on band depth
[16]), rank-based two-sample tests [17], and efficient clustering procedures [18].

Our contribution is twofold. First, we introduce the extremality—extremality (EE)
plot, which maps each curve to two class-referenced extremality indices and thus to a
two-dimensional space. Second, we define a companion EE classifier that applies standard
decision rules in this space, including linear and quadratic discriminant analysis, k-nearest
neighbors (kNN), support vector machines (SVM), and random forests (RF). We compare
EE with DD on synthetic scenarios and on three benchmark real datasets: the Berkeley
growth study [19], the Tecator spectrometric dataset [20], and the mitochondrial calcium
overload (MCO) dataset [21], using an evaluation protocol that recomputes extremality
features for validation data with respect to the corresponding training folds to avoid opti-
mistic bias.

The remainder of the article is organized as follows. Section 2 reviews the DD and DD%
frameworks and the epigraph and hypograph indices. In Section 3, we introduce the EE
plot and the EE classifier. In Section 4, empirical results on simulated and real datasets are

reported. Section 5 provides our conclusions. Additional results are provided in Appendix
A.

2. BACKGROUND

We briefly review the concepts underlying our approach. The proposed classifier builds
on the DD framework of [10, 11] and on extremality notions based on epigraphs and
hypographs. We first recall DD classification and several functional depths commonly used
to construct DD plots, and then summarize the epigraph and hypograph indices.

2.1  Depth—depth classifier and its generalization

The DD classifier [11] and its multiclass extension DD% [12] rely on the DD plot [22],
which maps each observation to the plane by pairing its depths with respect to two refer-
ence distributions (or two class samples). This produces a low-dimensional, interpretable
representation in which standard decision rules can be applied.

For the DD plot, one may use a variety of depth notions. We recall the following three
popular choices for functional data:
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e Fraiman—Muniz (FM) depth. Given a sample of functions zi,...,zy observed on an
interval Z = [0, T, let Sy = (x1(t),...,zn(t)) be the vector of values at time ¢, let Fy;
denote its empirical cumulative distribution function, and let Z;(¢) be a univariate depth
of x;(t) relative to Sy. The FM depth of the ith curve is the time average stated as

1 T
FM; = — Z;(t) dt.
7|z

In general, FM; € [0, 1] whenever Z;(t) € [0,1]. Under the choice Z;(t) =1 —|1/2 —
Fn+(zi(t))| [23], the range tightens to FM; € [1/2, 1]. Other univariate depth notions (for
example, univariate halfspace/Tukey depth) can be used in place of 1 — |1/2 — Fy¢(x)|.
e h-mode (hM) depth. Following [24], the population h-mode depth of a datum xq is

defined by
Jn(@o) =1E <K<m(x;1’X)>> ;

where X denotes a random curve from the population, m is a suitable metric (or semi-
metric), K is a nonnegative kernel typically nonincreasing in m/h, and h > 0 is a
bandwidth. For a sample Xi,..., Xy with observed values x1,...,xN, the empirical
version is expressed as

Fateo) = ZbéK(W)

e Random projection (RP) depth. Also in [24], one projects the data onto random di-
rections and averages a univariate depth across projections. If ai,...,ar are random
directions and D, (z) denotes the univariate depth of the projection of = along a,, the
RP depth is given by

with R = 50 a common default. In multivariate or functional settings, one may also
aggregate componentwise depths via suitable weights.

Figure 1 illustrates typical DD plots in two bivariate normal scenarios: identical distri-
butions (panel a) concentrate near the diagonal, while mean-shifted distributions (panel
b) depart from it.

The formal definition of the DD plot is presented in [22]. Let F' and G be two probability
distributions on IR%, and let D denote a depth functional. The DD plot associated with
(F,G) is the set of pairs of depths of the same point with respect to F' and G established
as

DD(F,G) = {(Dp(x), Dg(z)),z € R* }.
When F' is unknown and a sample X1,..., X, is observed, let F;, be the empirical dis-
tribution of X7, ..., X,. To assess agreement with a specified distribution G, one considers

the empirical DD plot stated as

DD(Fn,G) = {(DFn(Xz)a Dg(XZ)),Z = 1, ce ,TL}.
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Figure 1. DD plots for two samples X’ and ), where, when X and ) come from the same distribution, points cluster
along the diagonal.

In the two-sample setting, with samples X = {X,..., X,,} from F and Y = {Y1,..., Y}
from G, let F),, and G,, be their empirical distributions. Then, the pooled DD plot is given
by

DD(Fy,Gm) = {(Dr,(2), Dg,,()),z€ XUY }. (1)

Figure 1 illustrates typical patterns using bivariate normal data generated in the R
software [25] by the function mvrnorm from the MASS package [26]. Panel (a) compares two
identical distributions with identity covariance, while panel (b) compares two distributions
with the same covariance and different means. In the first case, points concentrate near
the diagonal of the DD plot. In the second case, they deviate from it.

As documented in [22], departures from the diagonal convey distributional differences:
a location shift often produces a heart-shaped pattern, a scale difference tends to yield an
arch above the diagonal, skewness may induce an asymmetric arch, and kurtosis differences
can shift the lower portion of the cloud to one side. These visual cues make the DD plot
a compact diagnostic for comparing distributions.

This representation also enables classification. The DD classifier maps curves to the DD
plane and selects a separating rule in that plane so as to minimize misclassification error
on the training data [11]. The multiclass extension DD® embeds each observation into a
vector of depths with respect to all classes. Then, it applies off-the-shelf classifiers such as
linear or quadratic discriminant analysis, kNN, or SVM [12]. Unlike DD, which is binary
by construction, DD naturally handles more than two groups.

2.2 Epigraph and hypograph indices

Extremality for functions is based on the notions of hypograph and epigraph. Let C(Z) be
the space of real-valued continuous functions on a compact interval Z C IR. For x € C(Z),
write its graph as G(z) = {(t,z(t)),t € Z}. Following [27], the hypograph and epigraph
of = are the sets stated as hyp(z) = {(t,y) € Z x R,y < z(t)} and epi(x) = {(¢,y) €
Z x IR,y > x(t)}. Epigraph and hypograph indices were introduced in [27] to induce an
ordering of curves by extremality. Given a sample X;,..., X, € C(Z) with observations
X1,...,%n, and writing I(A) for the indicator of event A, the hypograph index (HI) and
the epigraph index (EI) of a reference curve z are defined

n n

HI(z) = = 3" I(G(z:)  hyp(x)) = %Z[(wi(t) < a(t),t € T)

i=1 =1
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and

n 1 n

Z[(G( i) C epi(z —Z[ z(t),t € I).

=1

El(x) = %

3

Because HI and EI require containment over the whole interval, they may lose resolution
when curves are very close or widely spaced [14]. To address this, modified versions were
proposed in [14, 15]. For a reference sample S = {z1,...,2,}, the modified hypograph
index (MHI) and modified epigraph index (MEI) are given by

MHI (x ZA{tGI zi(t) < z(t)},

MEIL (2 Z/\{teI zit) > x(t)},

where A denotes Lebesgue measure on IR. A basic relationship, used throughout this article,
is that for z ¢ S (ties of null measure), one has MHIs(x) + MEIs(z) = 1, whereas for
x = xp € S under non-strict inequalities, the sum equals 1 + 1/n [14, 15]. In practice,
when curves are observed on a discrete grid, the integrals stated in (2) are approximated
by Riemann sums. We adopt non-strict comparisons (“<” for MHI and “>” for MEI),
counting exact ties according to those inequalities. This deterministic convention preserves
the out-of-sample relation MHI + MEI = 1 up to discretization error, and yields 1+ 1/n
(or 14+ 1/m) in-sample on the corresponding axis.

3. EXTREMALITY—EXTREMALITY PLOT AND CLASSIFIER

As indicated in Section 2, the MHI and MEI order curves and remain informative even when
trajectories are closely spaced. These indices have supported graphical and inferential tools
for comparison and clustering of functional samples [17, 18]. In this section, we introduce
a visualization tailored to supervised problems: the EE plot, together with a companion
classifier that operates in the resulting two-dimensional space.

3.1  Extremality—extremality plot

The EE plot displays, on each axis, an extremality index of a curve computed with respect
to one of the two class samples. Let X = {X1,...,X,} and Y = {Y1,...,Y,,} be samples
in C(Z) from two classes. By analogy with the DD construction given in (1), we define EE
plots using either MHI on both axes or MEI on both axes as

EEg(X,Y) = {(MHIx(z), MHIy(z)),z € C(Z) },
EEg(X,Y) = {(MElx(z), MEly(z)),z € C(I) }.

In practice, we display the pooled EE plot by evaluating these mappings only on the
observed curves as

EEY (X, ) = { (MHIy(2), MHIy(2)),z € X UY },
EEX(X,Y) = {(MELy(z), MEIy(2)),z € YUY }.
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Each axis is computed with respect to one reference sample (either X or )). Therefore,
as noted in Section 2, for any point z that does not belong to the sample used on a
given axis (ties have probability zero under continuity), we have MEI = 1 — MHI on
that axis. If z belongs to that sample and non-strict inequalities are used, the relation
becomes MEI = 1 —MHI+1/n (or +1/m on the ) axis). Consequently, EEx and EEf are
related by a central symmetry: away from in-sample points, the mapping in the EE plane
is (u,v) = (1 —u, 1 —v), that is, a 180° rotation about (1/2,1/2). At in-sample points,
small axis-specific shifts of size 1/n or 1/m apply.

The qualitative geometry of EE plots mirrors distributional differences between classes.
When the two samples follow similar distributions, points concentrate along the 45° line.
For sinusoidal signals, a chromosome-like pattern may appear. As amplitude or dispersion
increases, the cloud spreads. When classes hardly overlap, L-shaped clusters emerge near
the corners of the unit square. With mild overlap, these corners become rounded. These
behaviors are illustrated in Figures 2 and 3, which display increasing separation along the
axes and pronounced corner structures when classes are well separated.
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Figure 2. Experiments 1-3: (left) simulated curves, with class 0 in black and class 1 in gray; (center) EEg plot;
and (right) EEg plot with markers in EE plots given by class 0 = X, class 1 = o, and both axes are scaled to [0, 1].
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3.2 Extremality—extremality classifier

The EE plot embeds each curve into IR? by pairing its extremality indices with respect
to the two class samples. In this plane, standard decision rules can separate groups, in
the same spirit as DD methods [11, 12]. We consider linear (LDA) and quadratic (QDA)
discriminant analyses, kNN, SVM, and RF.

The EE classifier proceeds as follows. Given two classes X and ) and a chosen index
(MHI or MEI), each curve z is mapped to the pair of indices computed with respect to
X and to ), yielding a two-dimensional feature vector. A classifier is then trained on
these features. To avoid optimistic bias, when cross-validating, we recompute the indices
for validation curves with respect to the corresponding training folds only. Predictions for
held-out curves use the same training references. Accuracy is the primary performance
metric reported in Section 4.

Because MEI and MHI are tightly related (outside the reference sample, MEI = 1 —MHI
on the same axis, with a small in-sample shift), EE plots based on MEI and on MHI convey
nearly the same geometric information.
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4. APPLICATIONS

We evaluate the EE classifier on both synthetic and real datasets. For each study, we
report accuracy under cross-validation (CV) and summarize its distribution across folds
using the median and the interquartile range (IQR). To avoid optimistic bias, extremality
features for validation/test curves are always computed with respect to the corresponding
training folds only.

4.1  Synthetic data

The synthetic scenarios correspond to the distributions depicted in Figures 2 and 3. Data
were generated with the function generate_gauss_fdata from the roahd package [28]
(version 1.4.3) using a fixed random seed (set.seed(45)). Each curve is observed on an
equally spaced grid of 100 points over ¢t € [—1, 1] and is a realization of a Gaussian process
with mean function p(¢) and exponential covariance kernel C(s,t) = a exp(—f|s — t|),
where a > 0 controls amplitude and 8 > 0 controls the rate of decay.

The function generate_gauss_fdata produces univariate functional datasets from
user-specified mean functions and a covariance operator (the latter specified via
exp_cov_function). We designed six experiments to probe the behavior of the EE classi-
fier under different characteristics: identical distributions (Experiment 1), complementary
mean functions such as sine and cosine (Experiment 2), non-overlapping classes (Exper-
iment 3), larger amplitude (Experiment 4), shorter correlation length (higher roughness,
Experiment 5), and distinct polynomial centerlines (Experiment 6). The mean functions
and covariance parameters are summarized in Table 1. In all experiments, each class con-
tains n = 200 curves with 100 time points per curve.

We trained classifiers using an outer stratified K-fold CV at the curve level (K = 100).
In each outer fold, MEI/MHI and depth features for validation curves were recomputed
with respect to the corresponding training classes only. Models were then fitted on the
training features and evaluated on the held-out folds. Hyperparameters were tuned by
inner 5-fold CV using the default grids of the caret package [29], with set.seed(7)
for reproducibility. For each method, we report the distribution of outer-fold accuracies
(minimum, quartiles, median, mean, and maximum), and we emphasize medians and IQRs
as primary summaries.

Table 1. Synthetic scenarios: mean functions and covariance parameters used for data generation.

Experiment Mean functions pq(t), pa(t) a B
1 w1 (t) = sin(mt), pa(t) = sin(wt) 02 0.3
2 w1 (t) = sin(mt), ,ug( )= cos(wt) 02 0.3
3 w1 (t) = sin(wt) — 2, po(t) = sin(nt) 0.2 0.3
4 ulgtg = smg27rt; E g = cos§27rt§ 0.7 0.3
5 w1 (t) = sin(27t = cos(2mt 0.2 09
6 L (t) = t2 7 a(t) = 12 0.2 0.9

As summarized in Figure 4, Experiment 1 (identical class distributions) yields accura-
cies close to chance (medians near 0.50) for all methods, with no consistent advantage for
any single classifier. In Experiment 2 (sine versus cosine), most methods are near-perfect
(medians at 1.00), while LDA on EE features remains substantially lower, reflecting non-
linearity in the EE plane. Experiment 3 (well-separated classes) is solved by all methods
(medians at 1.00).

In Experiments 4 and 5 (increased amplitude and increased roughness, respectively),
QDA, kNN, SVM, and RF on EE features achieve very high accuracies (medians at or
near 1.00), whereas LDA on EEg can be markedly weaker (for example, median 0.50 in
Experiment 4).
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Figure 4. Boxplots of CV accuracy in synthetic experiments (stratified 100-fold outer CV, with validation features
recomputed against training folds only) and set of classifiers.

Experiment 6 (distinct polynomial centerlines) shows uniformly high performance across
methods (medians at 1.00 or close), with small differences in means and IQRs. Overall,
EEEr and EEg produce very similar patterns across all six scenarios, consistent with their
near-equivalence.
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4.2 Real data

We assess the EE classifier on three benchmark functional datasets available in the R
package fda.usc [30] (version 2.2.0): Berkeley growth study [19], Tecator spectrometric
dataset [20], and MCO dataset [21]. We fit models with stratified outer CV at the curve
level (20-fold for Berkeley growth study, 50-fold for Tecator, and 30-fold for MCO). In
every outer split, extremality and depth features for validation curves are recomputed
using the training folds only. Inner 5-fold CV within the training folds is used for tuning,
with set.seed(7) for reproducibility.

The Berkeley growth study [19] dataset comprises height trajectories for 39 boys and 54
girls from age 1 to 18 [19]. Figure 5 displays the curves by sex and the corresponding EEg
and EEg plots. The two groups are broadly similar at early ages, with clearer separation
at older ages where boys tend to be taller.
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Figure 5. Curves and EE plots for Berkeley growth study data.

Figure 6 summarizes 20-fold outer CV accuracy across classifiers. Overall accuracies are
around 75%, indicating moderate separability based on height trajectories. The EEg fea-
tures paired with LDA tend to be the weakest combination (mean accuracy around 0.54),
whereas QDA with EEg often yields one of the strongest summaries (median accuracy

close to 0.80 and upper quartile at 1.00). The benchmark based on the FM depth with
LDA/QDA/kNN is competitive, with DD+LDA also achieving median accuracy near 0.80.
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Figure 6. Boxplots of stratified 20-fold outer CV accuracy across classifiers (EE and DD) for Berkeley growth study
data.
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Remark. Because stratified 100-fold validation in the synthetic studies may leave only a
handful of curves per validation fold, fold-wise accuracies of 100% can occur by chance.
Therefore, we report medians and IQRs as more stable summaries. Future work could
complement these results with repeated K-fold CV, such as 10 x 10-fold CV, or bootstrap
resampling to further stabilize the estimates.

The Tecator dataset [20] contains spectrometric absorbance curves from meat samples
measured at 100 wavelengths between 850 and 1050 nm, grouped by fat content (low fat
< 20% versus high fat > 20%). Figure 7 shows the curves and the corresponding EEg and
EEq plots. The absorbance curves for the two groups are strongly intertwined, resulting
in substantial overlap in both the function space and the EE plane.
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Figure 7. Curves and EE plots for Tecator data.

Figure 8 reports stratified 50-fold outer CV accuracy across classifiers. As expected
under strong overlap, accuracies are moderate, with medians typically near 0.67 across
most methods. The strongest median performance is often achieved by random forests on
EE features (median ~ 0.75), while LDA, QDA, and kNN on both EE and depth features
cluster around 0.67, with similar IQRs. Overall, the EE classifier remains competitive and
exhibits fold-to-fold stability comparable to that of the benchmark based on depth.
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The MCO dataset records mitochondrial calcium overload in isolated mouse cardiac
cells every 10 seconds over one hour, with two groups: control (no drug) and treatment
(drug administered), where the drug is known to increase mitochondrial calcium loading
[21]. Figure 9 shows the curves and their corresponding EEg and EEy representations.
The two classes overlap markedly in function space, and the EE plots display only modest
separation.
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Figure 9. Curves and EE plots for the control and treatment groups with MCO data.

Figure 10 summarizes 30-fold outer CV accuracy across classifiers. Mean accuracies
range from approximately 0.55 to 0.71, reflecting the limited separability of the groups.
The highest mean accuracy is achieved by the benchmark based on depth, using kNN
(mean = 0.71). Among EE methods, QDA paired with either EEg or EEp attains similar
median performance (median ~ 0.67) with competitive fold-to-fold variability. Because
some outer folds contain only a small number of validation curves, maxima at 1.00 can
occur by chance. Therefore, medians and IQRs provide the most reliable indicators of
performance.

0.75

outer—cv accuracy

0.25

0.00 . . . .

method

Figure 10. Boxplots of stratified 30-fold outer CV accuracy across classifiers (EE and DD) for MCO data.
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5. CONCLUSIONS

We introduced a simple and interpretable representation for supervised classification of
functional data: the EE plot, together with a companion EE classifier. The approach maps
each curve to two class-referenced extremality features based on the modified epigraph
and hypograph indices (MEI and MHI). Then, standard decision rules are applied in this
two-dimensional space. We compared the EE classifier with a benchmark based on depth,
namely a DD embedding (equivalently, DD in the binary case), under a common evalu-
ation protocol. Across six synthetic scenarios, the empirical results follow intuition: when
classes are identical, accuracies concentrate near chance. When classes are well separated,
most methods approach perfect accuracy. Quadratic discriminant analysis frequently at-
tains the best median performance, while linear discriminant analysis excels in settings
that are close to linearly separable. The two EE variants, EEgp and EEp, yield nearly
indistinguishable outcomes, consistent with the near-identity between MEI and MHI on
out-of-sample points and the small in-sample shifts discussed earlier. Fold-wise variability
is often modest when classes are well separated but can increase under very small validation
folds. This reinforces the use of medians and IQRs as primary summaries.

On real datasets, accuracies reflect the intrinsic difficulty of each task. For the Berkeley
growth study, performance is moderate (approximately 0.55-0.83 across methods, with
the best medians near 0.80), with EE often exhibiting comparable or tighter IQRs than
alternatives. For Tecator, where groups strongly overlap, accuracies lie in the mid-to-high
0.60s (about 0.63-0.75). For the mitochondrial calcium overload data, accuracies are lower
on average (mid-0.60s overall, with methods ranging roughly from 0.55 to 0.71), but the EE
classifier remains competitive with DD embeddings based on depth and in some settings
shows smaller dispersion across folds. Overall, the evidence supports EE as a practical
alternative to projections based on depth.

This work has several natural extensions. First, multiclass problems can be addressed by
constructing vectors of extremality features with respect to all classes, in direct analogy
with DDS. Second, larger datasets would allow a more granular assessment of stability
and sensitivity to hyperparameters. Third, a systematic study of computational cost and
the impact of discretization and ties would further clarify operating regimes where EE is
most advantageous.

In summary, projections based on extremality provide a compact, low-dimensional view
of functional samples that is easy to compute and interpret. The EE classifier delivers
accuracy competitive with DD® and exhibits stable performance across a range of synthetic
and real scenarios, reinforcing its value as a reliable tool for supervised classification of
functional data.

APPENDIX A. ADDITIONAL RESULTS

This section summarizes the performance metrics and additional statistical measures for
each classifier, evaluated for both experimental and real datasets.

A.1 Statistics for synthetic data

Here, we use 100-fold CV. Tables A1 to A6 report the per-fold accuracy summaries for the
six synthetic experiments.
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Table Al. Statistics of Experiment 1 (stratified 100-fold outer-CV, with validation features recomputed
against training folds only).

Method  Minimum 1st quartile Median Mean 3rd quartile Maximum NAs

ech_lda 0.00 0.25 0.50 0.50 0.75 1.00 0.00
eeh_qda 0.00 0.25 0.50 0.51 0.75 1.00 0.00
eeh_knn 0.00 0.25 0.50 0.46 0.75 1.00 0.00
eeh_svm 0.00 0.25 0.50 0.50 0.75 1.00 0.00
eeh_rf 0.00 0.25 0.50 0.45 0.75 1.00 0.00
eee_lda 0.00 0.25 0.50 0.47 0.75 1.00 0.00
eee_qda 0.00 0.25 0.50 0.46 0.75 1.00 0.00
eee_knn 0.00 0.25 0.50 0.45 0.56 1.00 0.00
eee_svim 0.00 0.25 0.50 0.51 0.75 1.00 0.00
eee_rf 0.00 0.25 0.50 0.46 0.56 1.00 0.00
dd-lda 0.00 0.25 0.50 0.50 0.75 1.00 0.00
dd_qda 0.00 0.25 0.50 0.47 0.50 1.00 0.00
dd _knn 0.00 0.25 0.50 0.45 0.50 1.00 0.00

Table A2. Statistics of Experiment 2 (stratified 100-fold outer-CV, with validation features recomputed
against training folds only).

Method Minimum 1st quartile Median Mean 3rd quartile Maximum NAs

eeh_lda 0.00 0.25 0.50 0.52 0.75 1.00 0.00
eeh_qda 0.75 1.00 1.00 0.97 1.00 1.00 0.00
eeh_knn 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eeh_svm 0.50 0.94 1.00 0.93 1.00 1.00 0.00
ech_rf 0.50 1.00 1.00 0.97 1.00 1.00 0.00
eee_lda 0.00 0.25 0.50 0.48 0.75 1.00 0.00
eee_qda 0.75 1.00 1.00 0.97 1.00 1.00 0.00
eee_knn 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eee_svim 0.50 1.00 1.00 0.94 1.00 1.00 0.00
eee_rf 0.50 1.00 1.00 0.97 1.00 1.00 0.00
dd_lda 0.50 0.75 1.00 0.86 1.00 1.00 0.00
dd_qda 0.50 1.00 1.00 0.95 1.00 1.00 0.00
dd_knn 0.50 1.00 1.00 0.94 1.00 1.00 0.00

Table A3. Statistics of Experiment 3 (stratified 100-fold outer-CV, with validation features recomputed
against training folds only).

Method  Minimum 1st quartile Median Mean 3rd quartile Maximum NAs

ech_lda 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eeh_qda 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eeh_knn 0.75 1.00 1.00 0.99 1.00 1.00 0.00
ech_svm 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eeh_rf 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eee_lda 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eee_qda 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eee_knn 0.75 1.00 1.00 0.99 1.00 1.00 0.00
eee_svin 0.75 1.00 1.00 0.99 1.00 1.00 0.00
cee_rf 0.75 1.00 1.00 0.99 1.00 1.00 0.00
dd_lda 0.75 1.00 1.00 0.99 1.00 1.00 0.00
dd_qda 0.75 1.00 1.00 0.99 1.00 1.00 0.00

dd_knn 0.75 1.00 1.00 0.99 1.00 1.00 0.00
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Table A4. Statistics of Experiment 4 (stratified 100-fold outer-CV, with validation features recomputed
against training folds only).

Method  Minimum 1st quartile Median Mean 3rd quartile Maximum NAs
eeh_lda 0.00 0.50 0.50 0.57 0.75 1.00 0.00
eeh_qda 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eeh_knn 0.50 1.00 1.00 0.95 1.00 1.00 0.00
eeh_svm 0.50 0.94 1.00 0.93 1.00 1.00 0.00
eeh_rf 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eee_lda 0.00 0.25 0.50 0.51 0.75 1.00 0.00
eee_qda 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eee_knn 0.50 1.00 1.00 0.95 1.00 1.00 0.00
eee_svim 0.50 0.94 1.00 0.94 1.00 1.00 0.00
eee_rf 0.50 1.00 1.00 0.95 1.00 1.00 0.00
dd_lda 0.00 0.50 0.75 0.69 0.75 1.00 0.00
dd_qda 0.50 0.75 1.00 0.91 1.00 1.00 0.00
dd_knn 0.50 0.75 1.00 0.93 1.00 1.00 0.00

Table A5. Statistics of Experiment 5 (stratified 100-fold outer-CV, with validation features recomputed
against training folds only).

Method  Minimum 1st quartile Median Mean 3rd quartile Maximum NAs
eeh_lda 0.00 0.25 0.50 0.53 0.75 1.00 0.00
eeh_qda 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eeh_knn 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eeh_svm 0.25 0.75 1.00 0.89 1.00 1.00 0.00
eeh_rf 0.50 1.00 1.00 0.95 1.00 1.00 0.00
eee_lda 0.00 0.44 0.50 0.54 0.75 1.00 0.00
eee_qda 0.50 1.00 1.00 0.96 1.00 1.00 0.00
eee_knn 0.50 1.00 1.00 0.97 1.00 1.00 0.00
eee_svim 0.25 0.94 1.00 0.93 1.00 1.00 0.00
eee_rf 0.50 1.00 1.00 0.94 1.00 1.00 0.00
dd_lda 0.50 0.75 1.00 0.93 1.00 1.00 0.00
dd_qda 0.75 1.00 1.00 0.97 1.00 1.00 0.00
dd _knn 0.75 1.00 1.00 0.96 1.00 1.00 0.00

Table A6. Statistics of Experiment 6 (stratified 100-fold outer-CV, with validation features recomputed
against training folds only).

Method Minimum 1st quartile Median Mean 3rd quartile Maximum NAs
ech_lda 0.50 0.75 1.00 0.91 1.00 1.00 0.00
eeh_qda 0.50 0.75 1.00 0.91 1.00 1.00 0.00
eeh_knn 0.50 0.75 1.00 0.91 1.00 1.00 0.00
ech_svm 0.50 0.75 1.00 0.92 1.00 1.00 0.00
eeh_rf 0.25 0.75 1.00 0.89 1.00 1.00 0.00
eee_lda 0.50 0.75 1.00 0.91 1.00 1.00 0.00
eee_qda 0.50 0.75 1.00 0.91 1.00 1.00 0.00
eee_knn 0.50 0.75 1.00 0.91 1.00 1.00 0.00
eee_svin 0.50 0.75 1.00 0.92 1.00 1.00 0.00
eee_rf 0.00 0.75 1.00 0.90 1.00 1.00 0.00
dd_da 0.50 0.75 1.00 0.91 1.00 1.00 0.00
dd_qda 0.50 0.75 1.00 0.91 1.00 1.00 0.00
dd_knn 0.50 0.75 1.00 0.91 1.00 1.00 0.00




16 Lesmes et al.

A.2  Statistics for real data

Tables A7, A8, and A9 report the per-fold accuracy summaries for the Berkeley growth
study, the Tecator dataset, and the MCO dataset.

Table A7. Statistics of Berkeley growth study data (stratified 20-fold outer-CV, with validation features
recomputed against training folds only).

Method Minimum 1st quartile Median Mean 3rd quartile Maximum NAs

eeh_lda 0.40 0.60 0.68 0.72 0.85 1.00 0.00
eeh_qda 0.50 0.71 0.80 0.81 1.00 1.00 0.00
eeh_knn 0.40 0.50 0.80 0.73 0.85 1.00 0.00
eeh_svm 0.40 0.57 0.68 0.69 0.80 1.00 0.00
eeh_rf 0.40 0.57 0.80 0.72 0.80 1.00 0.00
eee_lda 0.00 0.50 0.60 0.55 0.60 0.80 0.00
eee_qda 0.40 0.60 0.78 0.80 1.00 1.00 0.00
eee_knn 0.60 0.75 0.80 0.79 0.80 1.00 0.00
eee_svim 0.50 0.60 0.60 0.66 0.80 0.80 0.00
eee_rf 0.20 0.47 0.75 0.67 0.80 1.00 0.00
dd-lda 0.50 0.60 0.78 0.74 0.85 1.00 0.00
dd_gda 0.50 0.60 0.78 0.73 0.80 1.00 0.00
dd_knn 0.20 0.50 0.75 0.68 0.80 1.00 0.00

Table A8. Statistics of Tecator data (stratified 50-fold outer-CV, with validation features recomputed
against training folds only).

Method Minimum 1st quartile Median Mean 3rd quartile Maximum NAs

eeh_lda 0.25 0.50 0.71 0.68 0.80 1.00 0.00
eeh_qgda 0.00 0.50 0.63 0.64 0.80 1.00 0.00
eeh_knn 0.25 0.50 0.63 0.67 0.80 1.00 0.00
eeh_svm 0.25 0.50 0.67 0.66 0.80 1.00 0.00
eeh_rf 0.25 0.60 0.75 0.67 0.80 1.00 0.00
eee_lda 0.25 0.50 0.67 0.68 0.80 1.00 0.00
eee_qda 0.00 0.50 0.63 0.63 0.80 1.00 0.00
eee_knn 0.25 0.50 0.67 0.66 0.80 1.00 0.00
eee_svin 0.25 0.50 0.71 0.66 0.80 1.00 0.00
eee_rf 0.00 0.50 0.75 0.65 0.80 1.00 0.00
dd-da 0.00 0.60 0.67 0.65 0.75 1.00 0.00
dd_qda 0.00 0.60 0.67 0.65 0.75 1.00 0.00
dd_knn 0.25 0.50 0.63 0.66 0.80 1.00 0.00

Table A9. Statistics of MCO data (stratified 30-fold outer-CV, with validation features recomputed against
training folds only).

Method Minimum 1st quartile Median Mean 3rd quartile Maximum NAs

eeh_lda 0.00 0.38 0.67 0.62 1.00 1.00 0.00
eeh_qda 0.00 0.50 0.67 0.63 1.00 1.00 0.00
eeh_knn 0.00 0.50 0.67 0.62 0.94 1.00 0.00
eeh_svm 0.00 0.33 0.67 0.61 0.94 1.00 0.00
eeh_rf 0.00 0.50 0.67 0.62 0.75 1.00 0.00
eee_lda 0.00 0.50 0.67 0.60 0.67 1.00 0.00
eee_qda 0.00 0.50 0.67 0.65 0.94 1.00 0.00
eee_knn 0.00 0.33 0.50 0.57 0.94 1.00 0.00
eee_svim 0.00 0.33 0.50 0.57 0.67 1.00 0.00
eee_rf 0.00 0.33 0.67 0.58 0.94 1.00 0.00
dd-lda 0.00 0.33 0.58 0.60 1.00 1.00 0.00
dd_gda 0.00 0.33 0.67 0.62 1.00 1.00 0.00

dd_knn 0.25 0.50 0.67 0.70 1.00 1.00 0.00
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