CHILEAN

JOURNAL OF

STATISTICS

Edited by Victor Leiva and Carolina Marchant

A free open access journal indexed by

n
EMERGING Web of 2
SOURCES Science Q. 5
(ISI WEB OF SCIENCE) Group O - sl of y"
W) ELSEVIER
Volume 11 Number 2 Published by the
December 2020 Chilean Statistical Society

ISSN: 0718-7912 (print) SOCH E il

ISSN: 0718-7920 (online) SOCIEDAD CHILENA DE ESTADISTICA



A1MS

The Chilean Journal of Statistics (ChJS) is an official publication of the Chilean Statistical Society (www.soche.cl).
The ChJS takes the place of Revista de la Sociedad Chilena de Estadistica, which was published from 1984 to 2000.

The ChJS covers a broad range of topics in statistics, as well as in artificial intelligence, big data, data science,
and machine learning, focused mainly on research articles. However, review, survey, and teaching papers, as well as
material for statistical discussion, could be also published exceptionally. Each paper published in the ChJS must
consider, in addition to its theoretical and/or methodological novelty, simulations for validating its novel theoretical
and/or methodological proposal, as well as an illustration/application with real data.

The ChJS editorial board plans to publish one volume per year, with two issues in each volume. On some occasions,
certain events or topics may be published in one or more special issues prepared by a guest editor.

EDITORS-IN-CHIEF

Victor Leiva
Carolina Marchant

EDITORS

Héctor Allende Cid
Danilo Alvares

José M. Angulo
Robert G. Aykkroyd
Narayanaswamy Balakrishnan
Michelli Barros
Carmen Batanero
Tonut Bebu

Marcelo Bourguignon
Marcia Branco
Oscar Bustos

Luis M. Castro
George Christakos
Enrico Colosimo
Gauss Cordeiro
Francisco Cribari-Neto
Francisco Cysneiros
Maério de Castro
José A. Diaz-Garcia
Raul Fierro

Jorge Figueroa-Zuaniga
Isabel Fraga

Manuel Galea

Diego Gallardo
Christian Genest
Viviana Giampaoli
Marc G. Genton
Patricia Giménez
Hector Gémez
Yolanda Gémez
Emilio Gémez-Déniz
Daniel Griffith
Eduardo Gutiérrez-Pena
Nikolai Kolev
Eduardo Lalla
Shuangzhe Liu
Jestus Lépez-Fidalgo
Liliana Lépez-Kleine
Rosangela H. Loschi
Manuel Mendoza
Orietta Nicolis

Ana B. Nieto

Teresa Oliveira
Felipe Osorio

Carlos D. Paulino
Fernando Quintana
Nalini Ravishanker
Fabrizio Ruggeri
José M. Sarabia
Helton Saulo
Pranab K. Sen

Julio Singer

Milan Stehlik
Alejandra Tapia

M. Dolores Ugarte

Pontificia Universidad Catdlica de Valparaiso, Chile
Universidad Catdlica del Maule, Chile

Pontificia Universidad Catdlica de Valparaiso, Chile
Pontificia Universidad Catdlica de Chile
Universidad de Granada, Spain

University of Leeds, UK

McMaster University, Canada

Universidade Federal de Campina Grande, Brazil
Universidad de Granada, Spain

The George Washington University, US
Universidade Federal do Rio Grande do Norte, Brazil
Universidade de Sao Paulo, Brazil

Universidad Nacional de Cérdoba, Argentina
Pontificia Universidad Catdlica de Chile

San Diego State University, US

Universidade Federal de Minas Gerais, Brazil
Universidade Federal de Pernambuco, Brazil
Universidade Federal de Pernambuco, Brazil
Universidade Federal de Pernambuco, Brazil
Universidade de Sdo Paulo, Sdao Carlos, Brazil
Universidad Auténoma Agraria Antonio Narro, Mexico
Universidad de Valparaiso, Chile

Universidad de Concepcién, Chile

Universidade de Lisboa, Portugal

Pontificia Universidad Catdlica de Chile
Universidad de Atacama, Chile

McGil University, Canada

Universidade de Sdo Paulo, Brazil

King Abdullah University of Science and Technology, Saudi Arabia
Universidad Nacional de Mar del Plata, Argentina
Universidad de Antofagasta, Chile

Universidad de Atacama, Chile

Universidad de Las Palmas de Gran Canaria, Spain
University of Texas at Dallas, US

Universidad Nacional Auténoma de Mexico
Universidade de Sao Paulo, Brazil

University of Twente, Netherlands

University of Canberra, Australia

Universidad de Navarra, Spain

Universidad Nacional de Colombia

Universidade Federal de Minas Gerais, Brazil
Instituto Tecnolégico Auténomo de Mexico
Universidad Andrés Bello, Chile

Universidad de Salamanca, Spain

Universidade Aberta, Portugal

Universidad Técnica Federico Santa Maria, Chile
Instituto Superior Técnico, Portugal

Pontificia Universidad Catdlica de Chile
University of Connecticut, US

Consiglio Nazionale delle Ricerche, Italy
Universidad de Cantabria, Spain

Universidade de Brasilia, Brazil

University of North Carolina at Chapel Hill, US
Universidade de Sao Paulo, Brazil

Johannes Kepler University, Austria

Universidad Catdlica del Maule, Chile
Universidad Publica de Navarra, Spain



CHILEAN JOURNAL OF STATISTICS VOLUME 11 — NUMBER 2 — DECEMBER 2020

CONTENTS

Victor Leiva and Carolina Marchant
Confirming our international presence with publications
and submissions from all continents in COVID-19 pandemic

Ibrahim M. Almanjahie, Mohammed Kadi Attouch, Omar Fetitah,
and Hayat Louhab

Robust kernel regression estimator of the scale parameter

for functional ergodic data with applications

Ricardo Puziol de Oliveira, Marcos Vinicius de Oliveira Peres,
Jorge Alberto Achcar, and Nasser Davarzani

Inference for the trivariate Marshall-Olkin- Weibull distribution
in presence of right-censored data

Henrique José de Paula Alves and Daniel Furtado Ferreira
On new robust tests for the multivariate normal mean vector
with high-dimensional data and applications

Josmar Mazucheli, André F.B. Menezes, Sanku Dey,
and Saralees Nadarajah

Improved parameter estimation of the Chaudhry
and Ahmad distribution with climate applications

André Leite, Abel Borges, Geiza Silva, and Raydonal Ospina
A timetabling system for scheduling courses of statistics
and data science: Methodology and case study

Jorge Figueroa-Zuniga, Rodrigo Sanhueza-Parkes,
Bernardo Lagos-Alvarez, and German Ibacache-Pulgar

Modeling bounded data with the trapezoidal Kumaraswamy distribution

and applications to education and engineering

69

73

95

117

137

151

163



Chilean Journal of Statistics
Vol. 11, No. 2, December 2020, 95-116

MULTIVARIATE STATISTICS
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Inference for the trivariate Marshall-Olkin-Weibull
distribution in presence of right-censored data
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Abstract

Multivariate lifetime data are common in many applications, especially in medical and
engineering studies. In this paper, we consider a trivariate Marshall-Olkin-Weibull distri-
bution to model trivariate data in presence of right censored data.Maximum likelihood
and Bayesian methods are used to get the parameter estimators of interest. An extensive
simulation study was performed to verify the effectiveness of the maximum likelihood
estimators. Reliability data sets related to fiber failure strengths were considered to
illustrate the performance of the proposed model under the classical and Bayesian ap-
proaches. As a result, note that the trivariate Marshall-Olkin-Weibull model could be
considered as a good alternative to model trivariate lifetime data, especially under a
Bayesian approach which could be of interest for the reliability analysis, as observed
with the real data application in industrial engineering presented in the study or any
other area of interest.

Keywords: Bayesian approach - Censored data - Maximum likelihood method
- Monte Carlo simulation - Multivariate distributions.

Mathematics Subject Classification: Primary 62-XX - Secondary 62Hxx.

1. INTRODUCTION

Lifetime distributions have been studied extensively in the literature due to its medical
and engineering applications. Usually it is possible to have two or more lifetimes associ-
ated with each subject as for example in medical recurrent events. In these situations, it
is needed statistical models which capture the dependence among the lifetimes related to
each unit. These lifetime data may be censored at a fixed time point due to the limita-
tion of the follow-up period or withdrawal of the subject from the study. Assuming two
lifetime observations, Arnold and Strauss (1988); Sarkar (1987); Hawkes (1972); Downton
(1970); Gumbel (1960) introduced some bivariate distributions with exponential condition-
als. Block and Basu (1974); Marshall and Olkin (1967a); Freund (1961) proposed extensions
of the bivariate exponential distribution. In other direction, Basu and Dhar (1995) and
Arnold (1975) introduced some bivariate geometric distributions. Pellerey (2008) modeled
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dependent lifetimes using Archimedean survival copulas. Moreover, assuming three or more
lifetimes, Gultekin and Bairamov (2013); De Oliveira et al. (2021) introduced trivariate
geometric distributions. Hougaard (1986) proposed a class of multivariate failure time dis-
tributions. Marshall and Olkin (1967b) introduced a multivariate exponential distribution.
Arellano-Valle and Genton (2010) introduced multivariate unified skew-elliptical distribu-
tions and Richter and Venz (2014) proposed geometric representations of multivariate
skewed elliptically contoured distributions.

Considering the univariate situation, a distribution which is widely considered in the
lifetime data analysis is the Weibull distribution (Weibull, 1951) given the flexibility of fit
for the data. The mathematical properties and its applicability and generalizations have
been studied by many authors (see for example, Cohen, 1965; Philip, 1974; Lai et al.,
2003; Thoman et al., 1969; Stevens and Smulders, 1979; Rinne, 2008; Mudholkar et al.,
1996; Brown and Wohletz, 1995; Pinder III et al., 1978; Cao, 2004; Pham and Lai, 2007;
Saraiva and Suzuki, 2017; among many others). In this study, we explore a multivariate
exponential distribution introduced by Marshall and Olkin (1967b) given as an extension
of the fatal shock model to a multi-component system to build a new trivariate lifetime
distribution denoted as the trivariate Marshall-Olkin-Weibull (TMOW) distribution.

We assume three lifetime random variables denoted following this new distribution in
presence of right censored data. Maximum likelihood (ML) inference methods using nu-
merical iterative techniques and Bayesian methods using Markov chain Monte Carlo (MC)
methods are used to get the inferences of interest. Under the classical approach, the in-
ferences of interest are obtained using standard asymptotically normality of the likelihood
function considering the observed Fisher information matrix in place of the usual expected
Fisher information matrix given the complexity of the likelihood function. An extensive
simulation study is also performed to verify the effectiveness of the considered inference
method assuming different fixed values for the parameters of the model and different sam-
ple sizes. An application for real data is also presented in order to verify the usefulness of
the proposed model.

The paper is organized as follows: in Section 2, it is introduced the TMOW along with
some mathematical properties. The estimation procedures assuming complete and censored
data are introduced in Section 3 and 4. In Section 5, the results of the MC simulation
study are presented to evaluate the biases, the root of the mean squared error and the
asymptotic normality of the ML estimators for the TMOW distribution. Section 6 presents
an application to reliability data related to fiber failure strengths. Section 7 provides some
concluding remarks.

2. THE TMOW DISTRIBUTION

The TMOW distribution is constructed considering k-independent Poisson processes
governing the occurrence of shocks to components 1,...,k, respectively; governing the
occurrence of shocks to components pairs 1 and 2, 1 and 3, ..., £k — 1 and k, respectively;
and so on. This construction of the TMOW distribution plays a central role in life testing
and reliability analysis since it has exponential marginal distributions, a useful property
in many applications.

It is worth mentioning that an important property of the TMOW distribution is that
it is not absolutely continuous since it has singular parts (Marshall and Olkin, 1967b)).
In addition, the TMOW distribution could be also represented in terms of independent
exponentials since there exist independent exponential random variables Z; such that
X; =ming,—; Zs, for i =1,...,k obtained from the fatal shock model.

Let Y = (Y1,...,Y%) be a random vector and consider the occurrence of simultaneous
shocks to all k-components assuming the fatal shock model. Then, the survival function
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(SF) of this special case of the TMOW distribution with k + 1 parameters is given by

Sty y) =PY1 > w1, ..., Y > yp)
=exp{—Ay1 — - — MYk — Aer1 max(y1, ..., Yi) }s (1)

where \; > 0 and y; > 0, for j = 1,...,k + 1. Notice that the TMOW distribution is,
mathematically, a fairly simple distribution, however, its marginal distributions could be
inappropriate to model the behavior of units which have no constant failure rates. In this
way, an alternative is the use of a Weibull distribution which is the most commonly used
distribution to model reliability data since it is easy to interpret, has great flexibility of fit
and is an extension of the exponential distribution.

The probability density function (PDF) of a continuous random variable X with a
Weibull distribution is given by fw (z; a, 8) = afx* ! exp{—B2*}, where z > 0, 8 > 0 is
the scale parameter and o > 0 is the shape parameter. Their corresponding cumulative dis-
tribution function (CDF) and SF are given respectively by Fyy (z; «, 5) = 1 — exp{—[z*}
and Sy (z; a, f) = exp{—pFx*}. Assuming the fatal shock model previously described and
considering Equation (1), it is possible to define the multivariate Marshall-Olkin Weibull
(MMOW) distribution as an extension of the TMOW distribution. A comprehensive dis-
cussion about the MMOW}, model is presented by Kundu and Dey (2009) and a discussion
assuming dependent right censorship is presented by Davarzani et al. (2015).

Definition 2.1. (Model formulation) Consider the transformation Y; = X7, that is,

X; = le/a, forj=1,...,k; 0 > 0. Let X = (Xq,..., X)) be a random vector following a

MMOW distribution denoted by MMOW} (A1, ..., Akt1,0) with multivariate SF given by
S(l‘l,l'g,...,.%'k) = P(Xl >x1,..., X > J}k)

=exp{—Ai1x] — ... = & — Ay max(z], ..., z7)} (2)

Note that if 0 = 1 in Equation (2), we obtain the multivariate Marshall-Olkin exponential

distribution. In this paper, we assume the special case of k = 3 lifetimes, that is, the

TMOW distribution, assuming a 3-component system. The SF for the lifetimes X7, Xo
and X3 is given by

S(x1,x2,23) = P(X1 > 21, Xo > 29, X3 > x3)

= exp{—A1z] — Az — A32§ — Ay max(x7, z9,2%)}, (3)
that is,
Si(x) = exp{—A1427 — Mgz — Asa}, if @ <3< or w3y <29 < I,
Sa(x) = exp{—A127 — Agqx§ — Az}, if z1 <a3 <z oOr 3 <21 < T2,
S3(x) = exp{—A12] — Aoz — Asqx},if @2 <1 <mg oOr 1 <29 < T3,
S(z) = Sa(x) =exp{—A27 — A=Az}, if 21 <ax2=u35=nr0, (4)
Ss(x) = exp{—Aaz§ — (A — A2)z?}, i a9 <1 =23=u2,
Se(x) = exp{—Asz — (A —A3)z?}, i x3<x1=22=2,
S7(x) = exp{—Az}, if =20 =ux3=nx,
0, otherwise,

where A = A{ + Ay + A3+ Mg, A1a = A1+ A4, Aog = Ao+ Mg and Agq = A3+ A4. In addition,
the PDF for the random vector X = (X1, X, X3) is obtained from f(x) = f(x1,x2,23) =
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—038(x1, w2, 23) /02102203, where S(x1, 2, 23) is given in Equation (4), that is,

f2(2) = A1 d2a X0

(
f3(2) = A1 A2 Aga03(

07

fi(x) = Madadsod (z12023)°
1T23)

z1x213)7

-1
o—1
—1

fs(x) = Aodgo?(zox)o 1 exp{—X22g — (A — A2)2?},
fo(x) = Az a0 (z3x) 1 exp{—A3zg — (A — A3)z7},
fr(x) = Aoz’ L exp{—Az°},

) exp{—A14z] — Aoz — Azx§}, if

) exp{—A127 — Aogxg — A3x§}, if

) exp{—A1z] — Aoz — X34z}, if
fa(x) = M Ag0?(z12)o L exp{—A1zy — (A — A1)z},

)

)

)

ro <wxrz<x1 Or x3<xT2 <1,

1 <xz <z Or wx3<IT1<T2,
ro <x1 <23 Oor w1 <x2 <3,
if 1<z =2x3=rc,
if zo<z)=23=r1,
if zz3<x1 =220 =1,
if 1 =x9 =23 =1,

otherwise.

3. CLASSICAL INFERENCE FOR THE TMOW WITH COMPLETE DATA

Let (X11, X21,X31), .-, (X1n, Xon, X3,) be a random sample of size n from a TMOW
distribution with PDF given in (5). Consider the indicator variables stated as

L,

Vo =
2 0’
L,

Va =
3 0,
L,

Vg =
4 0,
L,

Vs —
5 O,

if mo<axz<z oOF

otherwise;

if z1<a3<z9 OF

otherwise;

if zo<x1<z3 O

otherwise;

if 1 <x9=12x3=nr0,

otherwise;

if z9<x1=123=r0,

otherwise;

if z3<x=1x9=nr2,

otherwise.

e 71 :’U1(1—’U2)(1—’U3)(1—1}4)(1—’U5)(1—U6), if
® 7o :’U2(1—’U1)(1—’U3)(1—U4)(1—’U5)(1—U6), if
[} 7“3:’U3(1—’U2)(1—U1)(1—U4)(1—’U5)(1—U6), if
® Ty = ’U4(1 — ’Uz)(l — ’Ug)(l — Ul)(l — 1)5)(1 — U6), if
® 75 :’U5(1—U2)(1—U3)(1—U4)(1—’U1)(1—U6), if
[ ] 7‘6:’Uﬁ(l—’Ug)(l—’()3)(1—1}4)(1—’[)5)(1—2}1), if
o 7= (1—v)(1—wv2)(1—wv3)(1—2v4)(1—25)(1—g),

r3 < xo < 1,

r3 <z < Tg,

r1 <29 < I3,

(6)

T <x3z3<x1 Or x3<I9 <1}
1 <3 <xT92 Or x3<x1 <I9;
T <x1 <x3 Or x1 <9 < I3}

r1 < T2 =3 =T,
To < T1 =T3 =2,
r3 < T1 =2 =T,
if 1 =20=23=nx.

From Equation (12), the log-likelihood function assuming a TMOW distribution and a
random sample of size n of lifetimes X1, Xo and X3 is given by

n

n

n

00) = Z r1; log ()\14)\2)\303) + Z r1i(o — 1) log(z1;22;3;) + Z r7i(0 — 1) log(z;)

=1

=1

=1
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+ Z T1i [~ A14x]; — Ao — Azx;] + Z r9; log ()\1)\24)\303) + Z 7 log (A40)
1=1 =1 i=1

n n n
+> rai(o — 1) log(wrwairs:) + Y rai [~Maf; — Aoaw§; — Aga§y] — A riaf
i=1 i=1 i=1

n n n
+ Z T3 log ()\1)\2/\3403) + Z 7"32'(0 — 1) log(xuxg,;xgi) + Z T4; log ()\1)\402)
1=1 i=1 1=1

+ Z 7’41‘(0' — 1) log(azliaﬁi) + Z T44 [—)\11"171- — ()\ - )\1)3:'?] + Z r35; log ()\2)\40'2)
=1 =1 =1

+ Z T5i(0' — 1) log(:cgixi) + Z T'54 [—)\QI'gi — ()\ — )\2)(]3?] + Z T6: log ()\3)\40'2)
=1 =1 i=1

+ Z 7‘61'(0' - 1) log(:ngi:m) + Z 764 [—Agxgi — ()\ - )\3)33?]

i—1 i=1
n
+ 3 [ e, — dowg; — Azan]. (7)
i=1

The equations for the ML estimators are presented in Appendix 1. Since the ML esti-
mators do not have closed form, it is needed to use numerical methods as the Newton-
Raphson, the Nelder-Mead or the quasi-Newton methods to get the ML estimators for
each parameter of the model.

4. CLASSICAL INFERENCE FOR THE TMOW WITH CENSORED DATA

A particularity in the analysis of lifetime data is the presence of censored data, that could
be right, left or interval censoring. In this section, we assume the presence of right censored
data, that is, associated with each lifetime X;, for j = 1,2,3, we have a fixed censoring
time C; and the data are given by 77 = min(Xy, C1), 7o = min(X», Cy) and T3 = (X3, C3).
In this way, the likelihood function for the parameters of the TMOW distribution has the
data set classified in eight regions stated as

e Bi: Ty, Th and T3 are complete observations;

e Bs: T is complete, T and T3, are censored observations;

e Bj: T is censored, T5 is complete and T3 is a censored observation;
e By: Ty and T, are censored and T3 is a complete observation;

e Bs: Ty and T5 are complete and T3 is a censored observation;

e Bg: T is complete, T5 is censored and T3 is a complete observation;
e Br: T is censored, To and T3 are complete observations;

e Bg: Ty, Ty and T3 are censored observations.

T

(t

hus, the likelihood function for @ = (A1, A2, A3, A\g,0) based on n observations t; =
1iyt2i, t3i), for i =1,...,n, is given by

v = T oo TT (-552) 1T (522 1T (-25) 11 (52

1€B; 1€ Ba 1€ B3

A (fee) 1T (Gtes) st .

i€ Bg 1€ Bg
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where S(t) is defined by Equations (3) and (4). Define the indicator variables for the
censored data as

1, if Ty <Cy,
dji=1 A Ci (9)
0, if sz > Cji,

with j = 1,2,3 and ¢ = 1,...,n. In this way, the logarithm of the likelihood function
stated in Equation (8) using the results (a), (b), ..., (h) presented in Appendix 1 for the
TMOW distribution in presence of right censored data is given by

Z 01i02i03;71 log f1(t:) + Z 01402i03i72i log fa(t;) + E 01i02i03:73i log f3(t;)

=1 =1 =1

+ Z 511521531r42f4 + Z 01024034754 log f5 + Z 01:02i0376; log f6( )

=1 =1 =1

+ Z 01i02;03;77i log fr(ti) + Z 01i(1 = d2;) (1 — 03i)r14 log g11(¢:)
i=1 =1

+ Z 015(1 = 02) (1 — 03i)r2; log g12(t:) + Z 615(1 — 02:)(1 — 03:)r3; log g13(t:)
Z 01i(1 — 024) (1 — 034)ra; log g14(t Z 014(1 — 62;) (1 — 034) 75 1og g15(ts)
+ Z 013 (1 — 02;) (1 — 03i)r7;: log g17(t;) + Z(l — 014)02i (1 — 934) 713 log go1 (¢i)

i=1 i=1

+ > (1= 01)02i(1 — 83:)rsilog gas(t:) + Y (1 — 614)02i(1 — 03i)r4 10g gaa(t:)
i=1

=1
+ 3 (1= 01) (1 — 02i)d3imi log gsa(ts) + Y (1 — 615)(1 — 0;)03:73 log g33(t:)
i1 i1

+ Z(l — 013)(1 — 62:) (1 — d34)76i log S5(t;) + Z 01402i(1 — 63;)73; 1og ga3(t;)

+ Z (1 —013)(1 — 62:) (1 — d34)73s log S3(t;) + Z 01402i(1 — 03;)r2; log gaa(t;)
=1 =1

+ " 01i09i(1 — O3i)railog gaa(ts) + Y 8102i(1 — 83:)7si log gas (t;)
i=1 i=1

Z 01302i(1 — d3)r7i log gaz (t:) + Z 015(1 — 02;)03i73i log gs3(¢:)

Z (1 —613)(1 — 624)(1 — 634)77; log S7(t:) + Z 014 (1 — 024)03i72; log gs2(t;)
—1
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+3 " 81i(1 — 83i)03im6i log gse(ti) + (1 — 613)82i03im1 log ge1 (£:)
i=1 =1

+ Z 015(1 — 624)03ir15 log gs1(t;) + Z(l — 013) (1 — 624) (1 — 834)724 log Sa(t;)
i=1 i=1

+ > (1 = 01:)02i03im3i 10g gas(ti) + Y (1 — 615)(1 — 02:) (1 — Ja3)r1; log S (t:)
i=1 =1

+ 3 61i02i(1 — Oai)r1ilog gar (t:) + D (1= 613) (1 — 82:)(1 — si)ras log Sa(ts)
i=1 i=1

+ (1= 01) (1 — 02i)d3imei log gss(t:) + > (1 — 615)(1 — 8i) (1 — b3;)r; log S (t:)
i=1 =1

+ Z(l — 014)02i03i72i log ge2(ti) + Z(l — 014)02i (1 — 934) 724 log gaa (ti)
i=1 i=1

+ " 61i(1 = 82i) (1 — b3:)rg: log gr6(t:) + (1 — 614)82i(1 — 8si)rs 1og gas (:)
i=1 =1

5. SIMULATION STUDY

This section reports the results of a MC simulation study carried out to assess the
performance of the ML estimators of the TMOW distribution assuming complete data.

The computations for classical approach were performed using maxLik package (Hen-
ningsen and Toomet, 2011) from the R software (R Core Team, 2015) with the option
optim.method = ¢‘BFGS’’ for maxLik function. To apply the proposed Bayesian ap-
proach, we have considered the Gibbs Sampling algorithm available in the package R2jags
(Su and Yajima, 2012) from the R and JAGS software. A chain with N = 100,000 values
was generated for each parameter, considering a burn-in of 5% of the size of the chain.
In addition, a value generated for every 100 was considered, resulting in chains of size
1,000 for each parameter. Furthermore, using trace plots and Geweke’s diagnostic, the
convergence of the chains was monitored, and their stationarity was revealed. Computer
codes are available under request.

To estimate the parameters of the TMOW distribution, based on the squared error
loss function, L(n,a) = (n — a)?, we consider that the joint posterior PDF of the pa-
rameter ® = (A1, A2, A3, \g,0) is obtained directly from the Bayes formula assum-
ing independent non-informative gamma prior distributions with hyperparameters equals
to @ = 0.0001 and § = 0.0001 for each parameter and is written as m(6;data) =
L(®)m(o) [[7(N)/ [ L(O)w (o) [[7(N;) dodb;, for =1,2,3,4.

The generation of the random values Xi;,Xs and X3 from the TMOW distribu-
tion follows the steps: (1) generate U; ~ Weibull(A1,0), Uy ~ Weibull(Ag,0), Us ~
Weibull(Ag, o), Uy ~ Weibull(Ay,0); (2) define X1 = min(Uy,Us), X2 = min(Us, Uy) and
X3 = min(Us, Uy); and (3) return the observed values (z1,z2,x3) of (X1, X2, X3).

The simulation study was performed under five scenarios and reported in Table 1, as-
suming the sample sizes equal to n = 10,20, 30,...,100. In addition, it was considered
1000 MC replications for each scenario from which were computed the biases and the root
of mean squared error (RMSE) as given in Equation (10). Specifically, the bias and RMSE
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were calculated using the expressions given by

)

1 & 1 & 2
Bias(W¥) = Ez(‘i”‘ —W;), RMSE(¥) = ( (W; — \pi)2> : (10)

: B
=1 1
where B = 1000 is the number of simulations and ¥ denotes each parameter i, Ao, A3, \g
or o. The obtained results are presented in Tables 2 and 3 from where note that:

e The biases and RMSE for parameters A1, Ao and A3 are high and decrease slowly to zero
when n — oo when compared to the others parameters, but, in general, the average
biases and RMSE decrease when n — oo that show the consistency property of the ML
estimators. That is, we have E(\;) = \;,i = 1,2,3,4 and E(0) = ¢ when n — co.

e In the scenarios 3, 4 and 5, the biases for A4 are negatives and close to zero. The same
happens to ¢ in scenario 4. However, for the others parameters and scenarios, the biases
are positives for \;,7 =1,2,3.

e The results presented in scenario 3 has the higher values for the the biases and RMSE
for A\;,i = 1,2,3 and o. For A4, this occur in the scenario 2. In contrast, the smaller
values for the the biases and RMSE are presented in scenarios 1 and 4.

e It is important to point out that the simulation also could be made using a Bayesian
approach with different prior distributions for the parameters of the TMOW distribution.
The coverage probability and the coverage length could be also computed;

e The simulation results could be improved considering other random variable generation
methods and using a better approach for the correlation structures of X7, X9 and X3.
Moreover, we conclude that the TMOW distribution could be used as a good alternative
model to describe trivariate lifetimes with good accuracy in applications.

As a numeric experiment, let us consider a complete simulated data set and a censored
data set (cut point equal to 2.5 for censored lifetimes) that consists of n = 50 trivariate
lifetimes generated from the TMOW distribution assuming the parameter values presented
in scenario 4 (see Table 1) for illustrative purposes of the model performance. The data
sets are presented in Table 4. The inference results of interest were obtained using the
maxLik package of the R software with optim.method = ‘SANN’ and are presented in
Table 5 as well the asymptotic 95% confidence intervals (CIs) which were obtained using
the asymptotic normal distribution given by N5(8, 371).

From the results presented in Table 5, we conclude that the TMOW model has a good
accuracy for both simulated data sets due to the small values (< 0.5) for the standard
error (SE) and the small length of the CI for each parameter which is expected since the
data set was generated from the TMOW distribution.

Table 1. True parameters values for each scenario.

Scenario A1 Ao A3 A o

1 1.20 1.30 1.30 0.18 0.10
1.20 1.30 1.50 1.45 1.20
0.40 0.50 0.60 1.50 2.00
0.40 0.50 0.60 0.70 0.80
0.80 0.90 0.70 0.35 0.20

U= W N
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Table 2. Bias for each parameter for the considered scenarios.

Sample Size Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5
10 0.9406 1.8494 2.0303 0.8178 1.2065
20 0.7687 1.5009 1.8726 0.7527 1.0163
30 0.7132 1.4897 1.7802 0.7260 0.9889
40 0.6948 1.4287 1.7758 0.7225 0.9519
Bias(\1) 50 0.6727 1.3632 1.7367 0.7131 0.9457
60 0.6712 1.3575 1.7278 0.7090 0.9405
70 0.6592 1.3499 1.7270 0.7059 0.9365
80 0.6561 1.3471 1.7236 0.7053 0.9248
90 0.6380 1.3221 1.7235 0.7041 0.9110
100 0.6323 1.3108 1.7017 0.7006 0.9042
10 0.8385 2.0096 2.1121 0.8607 1.1388
20 0.6767 1.6119 1.8778 0.7709 0.9247
30 0.6528 1.5602 1.7946 0.7562 0.9112
40 0.5746 1.4537 1.7654 0.7217 0.8730
Bias(\s) 50 0.5722 1.4269 1.7236 0.7126 0.8663
60 0.5653 1.4038 1.7084 0.7037 0.8543
70 0.5563 1.3780 1.6938 0.7005 0.8493
80 0.5389 1.3703 1.6889 0.6929 0.8414
90 0.5226 1.3242 1.6825 0.6887 0.8145
100 0.5139 1.3121 1.6395 0.6701 0.8067
10 0.8184 2.1178 2.4012 0.8813 1.2464
20 0.6996 1.7690 1.9862 0.7785 1.0996
30 0.6114 1.6260 1.8556 0.7233 1.0481
40 0.5824 1.5543 1.8552 0.7165 1.0096
Bias(\s) 50 0.5809 1.5376 1.7908 0.7095 1.0092
60 0.5749 1.5191 1.7693 0.7092 1.0052
70 0.5709 1.5141 1.7593 0.7087 1.0040
80 0.5691 1.4873 1.7591 0.7072 1.0006
90 0.5524 1.4720 1.7536 0.6985 0.9865
100 0.5509 1.4612 1.7181 0.6846 0.9768
10 0.0248 0.0454 -0.0180 -0.0179 -0.0462
20 0.0126 0.0378 -0.0170 -0.0169 -0.0458
30 0.0106 0.0360 -0.0157 -0.0157 -0.0454
40 0.0089 0.0344 -0.0145 -0.0147 -0.0451
Bias(As) 50 0.0085 0.0339 -0.0132 -0.0135 -0.0447
60 0.0071 0.0338 -0.0130 -0.0123 -0.0446
70 0.0069 0.0336 -0.0112 -0.0119 -0.0445
80 0.0069 0.0332 -0.0104 -0.0104 -0.0432
90 0.0064 0.0329 -0.0092 -0.0093 -0.0403
100 0.0057 0.0326 -0.0080 -0.0073 -0.0335
10 0.0055 0.0855 0.1077 -0.0571 0.0097
20 0.0028 0.0591 0.0666 -0.0553 0.0041
30 0.0026 0.0519 0.0340 -0.0526 0.0031
40 0.0021 0.0483 0.0247 -0.0523 0.0025
Bias(o) 50 0.0010 0.0300 0.0205 -0.0522 0.0023
60 0.0008 0.0264 0.0097 -0.0500 0.0019
70 0.0004 0.0244 0.0070 -0.0408 0.0016
80 0.0002 0.0228 0.0040 -0.0372 0.0010
90 0.0002 0.0215 0.0037 -0.0330 0.0005

100 0.0001 0.0178 0.0014 -0.0228 0.0003
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Table 3. RMSE for each parameter for the considered scenarios.

Sample Size Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5
10 1.4104 2.5790 2.3998 1.0009 1.5558
20 0.9728 1.7555 2.0090 0.8267 1.1534
30 0.8109 1.6609 1.8660 0.7745 1.0626
40 0.7820 1.5619 1.8437 0.7601 1.0087
RMSE(\) 50 0.7421 1.4531 1.7772 0.7316 0.9897
60 0.7308 1.4406 1.7664 0.7314 0.9711
70 0.7120 1.4122 1.7587 0.7269 0.9612
80 0.6875 1.3879 1.7580 0.7258 0.9581
90 0.6843 1.3820 1.7502 0.7208 0.9409
100 0.6828 1.3725 1.7370 0.7165 0.9382
10 1.1970 2.5686 2.4845 1.0251 1.4077
20 0.8903 1.8512 2.0086 0.8477 1.0475
30 0.7808 1.7373 1.8814 0.8081 0.9955
40 0.6412 1.5749 1.8152 0.7424 0.9172
RMSE()2) 50 0.6402 1.5241 1.7751 0.7403 0.9114
60 0.6385 1.4822 1.7545 0.7391 0.9037
70 0.6313 1.4668 1.7356 0.7286 0.8941
80 0.5879 1.4361 1.7329 0.7119 0.8775
90 0.5623 1.3677 1.7116 0.7020 0.8407
100 0.5580 1.3556 1.6671 0.6855 0.8307
10 1.1615 2.8146 3.0221 1.1047 1.5354
20 0.9039 2.0753 2.1512 0.8608 1.2066
30 0.7067 1.7595 1.9633 0.7638 1.0943
40 0.7057 1.7371 1.9256 0.7566 1.0678
RMSE()s) 50 0.6599 1.6315 1.8414 0.7444 1.0415
60 0.6471 1.6293 1.8226 0.7403 1.0409
70 0.6247 1.5752 1.7931 0.7287 1.0327
80 0.6124 1.5382 1.7873 0.7271 1.0206
90 0.6013 1.5333 1.7858 0.7196 1.0087
100 0.5989 1.5181 1.7425 0.7021 0.9973
10 0.0335 0.0476 0.0181 0.0180 0.0463
20 0.0170 0.0386 0.0170 0.0170 0.0360
30 0.0140 0.0363 0.0168 0.0168 0.0236
40 0.0118 0.0346 0.0157 0.0158 0.0189
RMSE(\y) 50 0.0108 0.0341 0.0144 0.0146 0.0153
60 0.0094 0.0340 0.0132 0.0135 0.0128
70 0.0092 0.0337 0.0125 0.0121 0.0107
80 0.0089 0.0333 0.0119 0.0117 0.0079
90 0.0083 0.0329 0.0100 0.0108 0.0072
100 0.0073 0.0327 0.0098 0.0100 0.0057
10 0.0178 0.2115 0.3536 0.1174 0.0328
20 0.0122 0.1541 0.2546 0.0908 0.0230
30 0.0099 0.1318 0.1998 0.0800 0.0187
40 0.0080 0.1044 0.1657 0.0799 0.0162
RMSE(0) 50 0.0075 0.1022 0.1485 0.0723 0.0150
60 0.0071 0.0871 0.1362 0.0692 0.0135
70 0.0063 0.0779 0.1241 0.0665 0.0120
80 0.0056 0.0707 0.1216 0.0661 0.0112
90 0.0055 0.0690 0.1066 0.0655 0.0108

100 0.0046 0.0617 0.1044 0.0639 0.0104
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Table 4. Simulated data sets assuming the true parameters presented in scenario 4 for TMOW distribution.

2.9050 1.6158 0.0360 1.4561 0.3848 1.6423 1.7376 2.4365 0.2093 0.8411 1.4982 0.3554 5.4551
X1t 09944 0.8322 0.2012 0.0784 0.7711 0.0184 1.7222 0.6561 2.3231 2.2312 2.8298 0.1304 1.8389

0.0566 0.7413 0.5567 0.2910 3.7102 1.1128 2.5874 0.2352 0.2228 1.1922 0.8506 1.1641 0.1689

1.9354 1.3771 0.8613 0.7622 2.5632 0.0054 1.0581 1.3065 0.3640 0.0045 1.8680

2.9050 1.3486 0.8815 0.3376 0.3848 0.7980 1.7376 0.1366 0.2093 0.8411 2.1215 0.4391 2.3127
Xo: 1.0389 0.6509 0.2012 0.0784 0.7711 2.5113 1.7222 0.1462 0.0569 1.9140 1.2382 1.5333 0.0373

0.3128 2.0642 0.1847 0.2930 0.5026 1.1128 1.4667 0.0727 0.2228 0.0352 0.8506 2.5642 0.1689

2.3867 1.3771 1.0442 0.7622 2.7941 0.0054 0.3199 0.5004 1.5470 1.4413 2.9805

1.5124 1.4561 2.5641 0.5822 0.3848 0.3794 1.7376 0.5608 0.2093 0.1380 0.4593 0.9403 0.0971
X3t 14204 04511 0.2012 0.0784 0.7711 1.7915 1.7222 0.6561 0.7871 0.4913 2.8522 0.2301 3.5971

0.3128 0.7610 0.5567 0.2930 1.4540 0.0052 2.0376 0.7102 0.0016 2.8227 0.8506 0.3387 0.1689

3.4390 0.0107 0.6489 0.7622 1.9607 0.0054 1.2430 1.3065 1.5470 1.2935 0.9869

2.9050 1.6158 0.0360 1.4561 0.3848 1.6423 1.7376 2.4365 0.2093 0.8411 1.4982 0.3554 5.4551
X1t 09944 0.8322 0.2012 0.0784 0.7711 0.0184 1.7222 0.6561 2.3231 2.2312 2.8298 0.1304 1.8389

0.0566 0.7413 0.5567 0.2910 3.7102 1.1128 2.5874 0.2352 0.2228 1.1922 0.8506 1.1641 0.1689

1.9354 1.3771 0.8613 0.7622 2.5632 0.0054 1.0581 1.3065 0.3640 0.0045 1.8680

2.9050 1.3486 0.8815 0.3376 0.3848 0.7980 1.7376 0.1366 0.2093 0.8411 2.1215 0.4391 2.3127
X2t 1.0389 0.6509 0.2012 0.0784 0.7711 2.5113 1.7222 0.1462 0.0569 1.9140 1.2382 1.5333 0.0373

0.3128 2.0642 0.1847 0.2930 0.5026 1.1128 1.4667 0.0727 0.2228 0.0352 0.8506 2.5642 0.1689

2.3867 1.3771 1.0442 0.7622 2.7941 0.0054 0.3199 0.5004 1.5470 1.4413 2.9805

1.5124 1.4561 2.5641 0.5822 0.3848 0.3794 1.7376 0.5608 0.2093 0.1380 0.4593 0.9403 0.0971
X3: 14204 0.4511 0.2012 0.0784 0.7711 1.7915 1.7222 0.6561 0.7871 0.4913 2.8522 0.2301 3.5971

0.3128 0.7610 0.5567 0.2930 1.4540 0.0052 2.0376 0.7102 0.0016 2.8227 0.8506 0.3387 0.1689

3.4390 0.0107 0.6489 0.7622 1.9607 0.0054 1.2430 1.3065 1.5470 1.2935 0.9869

Complete data

Censored data

Table 5. ML estimates and the corresponding SE for the model parameters (both simulated data sets).

Complete data Censored data
Parameter
ML SE 95% CI ML SE 95% CI
A1 0.4276 0.0915 (0.2482, 0.6069) 0.3831 0.0847 (0.2172, 0.5491)
A2 0.5623 0.1164 (0.3342, 0.7904) 0.5705 0.1030 (0.3687, 0.7723)
A3 0.6489 0.1282 (0.3976, 0.9001) 0.4703 0.0970 (0.2801, 0.6604)
A4 0.7489 0.1441 (0.4664, 1.0314) 0.7629 0.1366 (0.4951, 1.0306)
o 0.8109 0.0660 (0.6815, 0.9402) 0.7792 0.0633 (0.6553, 0.9032)

6. APPLICATION TO REAL RELIABILITY DATA

To illustrate the proposed model, let us assume a reliability data set introduced by
Crowder et al. (1994). This data set consists of fiber failure strengths. The four values
in each row give the breaking strengths of fiber sections of lengths 5, 12, 30 and 75mm.
The values are right-censored at 4.0 and a zero indicates accidental breakage prior to
testing; the zeros have been treated as missing data. The data sets are available in Table
7.2 from Crowder et al. (1994). In view of the apparent heterogeneity between fibers a
model allowing individual random levels would be appropriate and the proposed TMOW
model could be useful in the data analysis. In this way, we assume as response lifetimes the
length equals 12mm as X, the length equals 30mm as X5 and the length equals 75mm as
X3. Firstly, to apply the proposed methodology under a right-censored scheme, we have
considered the Classical approach. The inference results of interest were obtained using the
maxLik package of the R software with the option optim.method = ¢ ‘BFGS’’ for maxLik
function and are presented in Table 6 as well the asymptotic 95% CIs which were obtained
using the asymptotic normal distribution given by N5(8, =71).
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Table 6. ML estimates for fiber failure strengths data sets.

Data set 1 Data set 2 Data set 3
Parameter N
ML SE 95% CI ML SE 95% CI ML SE 95% CI
Al 0.00008 0.00008 (-0.00008, 0.00024) 0.00019 5.93164 (-11.6256, 11.6260) 0.00013 0.00013 (-0.00012, 0.00038)
A2 0.00095 0.00071 (-0.00044, 0.00234) 0.00845 0.00131 ( 0.00588, 0.01102) 0.00192 0.00119 (-0.00041, 0.00425)
A3 0.00353  0.00209 (-0.00057, 0.00763) 0.02057 0.00331 ( 0.01408, 0.02706) 0.00420 0.00245 (-0.00061, 0.00910)
A 0.00002  0.00003 (-0.00004, 0.00008) 0.00108 5.93164 (-11.6247, 11.6269) 0.00001 0.00017 (-0.00033, 0.00033)
o 7.08472 0.69575 ( 5.72108, 8.44836) 6.58032 0.47135 ( 5.65649, 7.50415) 6.86184 0.63028 ( 5.62652, 8.09716)

From the results displayed in Table 6, one can notice that there is an instability using the
classical approach (negative bounds for 95% CI, high values for standard errors), especially
for Data set 2. This fact may be related to the complexity of the likelihood in presence of
right-censored data. Thus, to avoid this problem, a Bayesian method was considered (see
Appendix 1). The inference results of interest for each data set are presented in Table 7 and
the plots of the marginal posterior densities for the parameters of the model considering

each data set are presented in Figure 1.
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Figure 1. Posterior PDF plots for the parameters of the model assuming the three failure strength data sets (top:

Data set 1; middle: Data set 2; bottom: Data set 3).
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Table 7. Bayesian estimate, credible interval (Crl) and corresponding standard deviation (SD) for fiber
failure strengths data sets.

Data set 1 Data set 2 Data set 3
Parameter ’
Mean SD 95% Crl Mean SD 95% Crl Mean SD 95% Crl
A1 0.00015 0.00013 (0.00003, 0.00052) 0.00026 0.00017 (0.00006, 0.00064) 0.00014 0.00010 (0.00004, 0.00041)
A2 0.00123  0.00081 (0.00040, 0.00333) 0.00273 0.00135 (0.00104, 0.00581) 0.00191 0.00091  (0.00082, 0.00426)
A3 0.00399 0.00211 (0.00147, 0.00936) 0.00002 0.00001 (0.00001, 0.00003) 0.00395 0.00161 (0.00190, 0.00800)
A4 0.00013  0.00035 (0.00001, 0.00120) 0.00661 0.00287 (0.00263, 0.01291) 0.00001 0.00007 (921E-08, 0.00015)
o 6.98866 0.47595 (5.92113, 7.79890) 6.57077 0.48138 (5.68461, 7.39571) 6.93945 0.39701 (6.08930, 7.53128)

From the results obtained, note that, for Data sets 1 and 3, the estimate of the parameter
A4 is very close to zero that means its contribution for the likelihood function is very small.
The same happens to the parameter A3 in Data set 2. In general, we conclude that the
posterior SD values approach to zero and the 95% Crl have reasonable lengths.

7. CONCLUDING REMARKS

In this paper, we introduced a new trivariate distribution obtained as a special case of
the multivariate Marshall-Olkin Weibull distribution. For this new model, we presented
some inference properties and an extensive simulation study was performed to verify the
performance of the maximum likelihood estimators assuming different fixed values for the
parameters of the model and different sample sizes.

The obtained results from Monte Carlo studies showed that the bias and root of mean
squared error of the estimators of the trivariate Marshall-Olkin-Weibull distribution are
asymptotically non-biased and approaches to zero when the sample size increases even
assuming negative values for the biases in some scenarios. From these results, it is possible
to conclude that using the proposed model, the obtained inference results are reason-
able accurate considering complete data sets and with good performance of the computa-
tional algorithm used to get the inferences of interest. However, in the application of fiber
strengths, there was a problem with maximum likelihood estimators leading to negative
bound for the 95% confidence intervals which could be related of the likelihood function
under a right-censoring scheme. To avoid this problem, we considered a Bayesian esti-
mator that provide a better accuracy and good convergence of the simulation algorithm
used to get the inference results of interest even using approximately non-informative prior
distributions.

In conclusion, the trivariate Marshall-Olkin-Weibull distribution could be used as an
alternative to model trivariate data which could be interesting for the reliability analysis (as
the fiber strength application) used in engineering applications, or others areas of interest,
especially considering a Bayesian approach to estimate the parameters. It is important to
point out that other approaches also could be used to get inferences of the proposed model
using the expectation-maximization algorithm (Kundu and Dey, 2009) but this topic will
be the goal of other study.
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APPENDIX

ML ESTIMATORS WITH COMPLETE DATA

From Equations (5) and (6), the likelihood function for @ = (A1, A2, A3, A4, 0) assuming
a TMOW distribution and a random sample of size n of the lifetimes X7, X9 and X3 is
given by

L(8) = [T lra()l™ T fataa)™ T T (fsCaea))™ T (faCaea™ T UsCaea)™ T o)™
i=1 i=1 i=1 i=1 i=1 i=1
< [ ] ()™ (11)
=1
where x; = (x1;, 2;, x3;), for i = 1,...,n; fi(x;), fo(x;) and f3(x;) are given in Equation

(5). In this way, the likelihood function stated in Equation (11) can be rewritten as

L(O) = ()\14)\2)\303)2?21 T H(xuxgi.%'gi)ru(a 1) exp { A4 Z TlZ.TUh A Z 7"11.%'21
=1
-3 Z mwgi} ()\1/\24%303)2?11 "~ H($1ix2i$3i)r2i(a Yexp { A1 Z Ty
=1 =1

— A2 Z r2i3; — A3 Z 7"21'1'%@'} ()\1)\2)\3403)2?:1 T H(xlix%xgi)rsi(afl)

=1 =1 i=1

X €Xp { A1 Z 7‘313311 A2 Z 7"3zx2z A34 Z 7’312731} )\1 )\40’2)2;1 Taa
x H(wul‘ )74V exp { A1 Z raixf; — (A — A1) Zmixf} ()\2/\402)Z7=1 "o
‘ i=1

—A2 Z T5Z$2z )\ - )\2) Z 7‘51-30;7} ()\3)\402)2?:1 T6i
=1

n

X H 1’3@1'1 rﬁ (=1) eXp { >\3 Z 7'61«'13'31 )\ )\3 ZTGZ } )\40' i1 77
=1
% ﬁx:ﬂ(ofl) exp {—)\Xn: T'ﬁﬂ??} . (12)

The ML estimators for the parameters A, A2, A3, Ay and o are obtained solving the
equations 0¢/0OA; = 0, 900/0Xg = 0, 0/0X3 = 0, 0¢/0Ns = 0 and 0¢/Jo = 0. From the
log-likelihood given in Equation (7), the first derivatives of £(0) with respect to A1, A2, Az,

X H(mzixz ) exp



Chilean Journal of Statistics 111

Ay and o are given respectively by

o

do

o
O\

o
OAs

o
0A3

o
O

n n

3 2 1<
== [rui+ o+ rad + p D lrai + rsi il + p ern
i=

g “ ;
=1 =1

n n
+ 3 1+ ro + rai log (@i, i, i) + Y railog (i, ;)
i=1 i=1

n n
+ ) rsilog(wan, v:) + > reilog(wsi, z:)
i=1 i=1

+ Z r7ilog(z;) — Z[)\M?‘u + M (72 + 7r3i + 745)]27; log(z14)
i—1

— Z[/\247“2i + Ao (r1s + 73 4+ 75)]25; log(22:)
=1

n
— Z[)\34T3i + A3 (Tli + 79 + Tﬁi)].’E% log(ﬂjli)
=1

— Z[()\ — )‘1)T4i + ()\ — )\2)7"5i + ()\ — )\3)’/“61' + )\’r‘n]x;’ log(xi),

1
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Under standard asymptotic ML theory, confidence intervals and hypothesis tests for
A1, A2, A3, A4 and o could be obtained from the asymptotic normahty of the ML estimators

)\1,/\2,)\3,)\4 and &, that is, 0 = ()\1,)\2,)\3,)\4, ) ~ N5(0,%~

1), where N5 denotes a

multivariate normal distribution of dimension 5 assuming large sample sizes and X is the
observed Fisher information matrix given by

8¢ 024 024 02 8¢
COAZ MOy 0NNz OMON  ONDo
82 02¢ 824 024 82¢
COMON OXE 9XdA3 9X2dNs  ON2do
S Al A s
ON3ON OOy DN N30\ D300
82¢ 02¢ 82¢ 02 52¢
COMON OMON MDA AN OMo
8¢ 024 824 024 82¢

000N, 0cdNy 00Dy 0o\, Oo2

where all components of Equation (13) are calculated at the obtained ML estimators for
the parameters of the model. The second derivatives of the log-likelihood function ¢(6)
required in the observed Fisher information matrix are given by

4 1<
8}\%2—)\%4;7“11 2;7“21-1-7“31-1-7“41]
o4
8)\2 = )\%4 Z r2i — )\2 Z 1 +73i + T5il,
o4
87)\% = )\34 Z T3 — 2 Z r1i + T2 + TGZ]
1=1
0%¢
87)\421 = )\%4 ; i — )\2 Z T2i — )\2 Z T3i — )\2 Z 7"47, + 15 + T + T7Z],
o4 o4
ONONs  OMON A§4 ;”“
9%l o 1 O
DOy OONa | AL, ;’"2“
0%l a4 1 O
30Ny O3 AL, ;7’3”
e A s S A o S
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0%¢ ol -
= =— i T T2 i +rai)x]; ] i
Faids ~ Boony 2 (i i v ra)alog(an)
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= [(rsi + i + r7i)ad log ()],

=1
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loR % " n
- == Z [(r1i + 72i + 730 + 75)23; log(w2;)] Z (145 + rei + 775)x] log(x;)],
OA20c  Dod)o — =t
0% fod4 u n

= = [(rui + 12 + 730 + 76035 log(wa:)] — Y [(rai + rsi + i) log (i),

Osdo — Dodxy <

% % -
ade o > [ruaf;log(wi) + rows; log(wai) + raixd; log ()]
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TERMS OF THE LIKELIHOOD FUNCTION WITH CENSORED DATA

From Equations (9) and (6), we obtain expressions for the terms of the likelihood function
defined in Equation (8) as

8
I1..,. /0 =TI, tceor TI, eteor TTL Usceor T, el
01:02:03;

<L tsteor TL, Uster 17, ey |

where f1(t:), fa(ti), f3(t:), fa(ti), fs(ti), fe(t:) and f7(L;) are defined by Equation (5).

)
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1i(
XH;;I [ng(ti)]rsi H:‘L:I [glﬁ(ti)]rei H:;l [917(ti)]r7i] ’
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where
g11(ti) = Maot; "t exp{=Aat]; — Aat3; — Astd;},
gr2(ti) = Mot]; " exp{—Ait]; — Aaat3; — Ast3,},
g13(ti) = Mot] texp{—Mit; — hat3; — Asatd;},
gra(ti) = Mot exp{=Ait; — (A = )5},
g15(ti) = (A = A2)atT; exp{—Aatg; — (A — A2)t7;},
gi6(ti) = (A = A3)otT, L exp{—Aatd; — (A — M)t7;},
g17(t;) = )\at‘fz_l exp{—A\tJ,}.
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where
g31(t:) = Asot; " exp{—Awut]; — Aat3; — Ast§;},
gs2(ti) = Azt exp{—Mt]; — Aaat$; — Ast§;},
933(1;1') = )\340tgz 1 eXp{—/\lt(lji — Aztgi — /\34tgi}7
934(t:) = 0, g35(t;) = 0,937(t;) = 0, g36(t;) = Asotg; "exp{—Astg; — (A — A3)t{},
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where
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where
go1(ti) = AaAgo” (taitsi)” " exp{—A1at]; — Aat3; — Ast3;},
g62(t:) = Aoadso® (taits;)7 ' exp{—A1t]; — Aoat3; — Ast§;},
g63(ti) = XoXga0 (taits;)” ~exp{—Ait]; — \ot3; — A3at5;},
gea(ti) =0, 965(t;) = 0, g66(ti) =0, ge7(t;) = 0.

I, s = T s TT iseeor= T (sseor= T, [Sar
(1=814)(1=024)(1—034)

<JT_, 1 T 1St [T, [sw(ea))™ ,

where S1(t;), Sa(t;), S3(ti), Sa(ti), S5(t;), Se(ti) and S7(t;) are defined by Equation (4).
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